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Preface

This book is devoted to macroscopic models for traffic on a network, with
possible applications to car traffic, telecommunications and supply-chains.

The problem of modelling car traffic has a long history dating back to the
beginning of the 20th century. Many methods have been developed resorting
to different approaches ranging from microscopic ones, taking into account
each single car, to kinetic and macroscopic fluid-dynamic ones, dealing with
averaged quantities. See for instance [9, 38, 63, 68, 89, 91, 106]. In particular, in
the 50s a fluid-dynamic model was introduced by James Lighthill and Gerald
Whitham (and independently P. Richards). They thought that the equations
describing the flow of water could also describe the flow of car traffic. The
obtained model consists of a single conservation law and is on one side simple
enough to permit a complete understanding, on the other side reach enough
to detect important phenomena as queue formation and evolution.

Nowadays, the exponentially increasing number of circulating cars in mod-
ern cities renders the problem of traffic control of paramount importance. The
presence of hard congestions on urban networks may have dramatic implica-
tions affecting productivity, pollution, life-style etc. Therefore, solutions to
these new challenges will be of great socio-economical impact.

Starting from classical (Lighthill-Whitham-Richards) and less classical
(Aw-Rascle [12]) fluid-dynamic approaches to describe car traffic on a single
road, the book develops an original theory to deal with arbitrarily complex
networks, thus including the modelling of road networks of big cities or of
highways systems of big states. Also, the book provides possible extensions to
treat data flows on telecommunication networks.

The main advantages of the present approach, with respect to existing
ones are the following:
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e The model can be used to study the evolution of network congestions as
consequence of sudden changes or special situations as accidents, demon-
strations, floods etc. In fact, the fluid-dynamic models are completely evo-
lutive, thus they are able to describe the traffic situation of a network at
every instant of time. This overcomes the difficulties encountered by many
static models.

e An accurate description of queues formation and evolution on the network
and, as a consequence, an accurate evaluation of travelling times is possi-
ble. Indeed, one of the main features of conservation laws is the presence
of shock waves in solutions describing queues tails in traffic flow.

e The theory permits the development of efficient numerical schemes also for
very large networks. This is possible since traffic at junctions is modelled
in a simple and computationally convenient way (resorting to a linear
programming problem).

e Real urban networks are well described. For example: traffic lights, traffic
circles, complex junctions etc. This is well illustrate in Chapter 8, where
a comparison of a traffic light with a traffic circle is developed in detail.

e Tests with real data are convenient and easy to implement. The number
of parameters in the model is low, thus overcoming many of the difficulties
of microscopic and mesoscopic models.

The book is suitable both for researchers interested in traffic problems
and for graduate students in mathematics, physics and engineering. The re-
quired background of conservation laws is presented in Chapter 2, while some
technicalities are postponed to Appendices.

The book contains exercises (to Chapters 2, 3, 4, 5), bibliographical notes
(to Chapters 2, 3, 5, 6, 7) and open problems (to Chapters 4, 6, 7).

The text can be used both for a short half semester course based on simple

models for traffic, and for a long one semester course.
A complete course on fluid-dynamic models for urban traffic can be based on
all Chapters excluding Chapter 9. In this case, students will benefit from a
good view on existing macroscopic models and a robust education on their
extension to complex networks, ranging from modelling to analysis and nu-
merics.

For a short course on urban traffic, the teacher may use Chapters from 2
to 5 introducing students to basics. Then one of Chapters 6, 7, 8 or 10, may
complete the course focusing on the preferred specific issue. Finally, a short
course on telecommunication networks is covered by Chapters 2, 4, 5 and 9.

The authors are greatly indebted to their families for the constant sup-
port received during the drafting of this book. We want also to thank Ciro
D’Apice and Rosanna Manzo for having written Chapter 9 about traffic in a
telecommunication network. We are also greatly indebted with Alberto Bres-
san, Gabriella Bretti, Yacine Areski Chitour, Giuseppe Maria Coclite, Roberto
Natalini and Antonio Sgalambro, which contributed in various ways.
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We also want to thank the Istituto per le Applicazioni del Calcolo “M.
Picone” (I.A.C.), the International School for Advanced Studies (S.I.S.S.A.-
I.S.A.S.) of Trieste and the Department of Mathematics and Applications of
the University of Milano-Bicocca.

Readers’ contributions via e-mail addresses mauro.garavelloQunimib.it,
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Milano, March 2006 Mauro Garavello
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Notation

We collect here a list of notation commonly used in this book.

LZD

loc

CO

Cl
BV

Tot.Var.

the set of natural numbers including 0.

the set of rational numbers.

the set of real numbers.

the set of functions locally LP integrable.

the set of continuous functions.

the set of continuous functions with compact support.
the set of continuous and differentiable functions.

the set of bounded variation functions.

the total variation of a function.
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1

Introduction

The aim of this book is to present a new theory, based on conservation law
models, for traffic flow on networks. The thematic is suitable for various ap-
plications including: urban car traffic [27], data flows on telecommunication
networks [41] and supply chains models [8, 53].

The main inspiration is that of understanding traffic behavior in urban
context in order to answer to several questions: where to install traffic lights
or stop signs; how long the cycle of traffic lights should be; where to construct
entrances, exits, and overpasses. The aims of this analysis are principally
represented by the maximization of cars flow, and the minimization of traffic
congestions, accidents and pollution.

Classically, the network models of transportation systems are assumed to
be static, but these models do not allow a correct simulation of heavily con-
gested urban road networks. For this reason, traffic engineers have been study-
ing dynamic traffic assignment or within-day models, thus rendering necessary
the use of time advancing mathematical models (traffic simulation models).
These models, principally created from static network traffic assignments, can
be roughly classified in microscopic, mesoscopic and macroscopic (see [10] and
the references therein). The main problems of this approach consist in the fact
that it does not properly reproduce the backward propagation of shocks and in
the difficulty of collecting experimental data to test the models. Various other
ideas have been developed by researchers studying traffic from other perspec-
tives, see for instance [9, 38, 63, 68, 89, 91, 106]. In many cases, the attention
was focused on a single road or on small portions of an urban network.

In the 1950s James Lighthill and Gerald Whitham, two experts in fluid-
dynamics, (and independently P. Richards) thought that the equations de-
scribing the flow of water could also describe the flow of car traffic. These
equations in fluid dynamics are a set of partial differential equations known
as the Euler or Navier-Stokes equations, expressing the conservation of mass,
momentum and energy. The basic idea is to look at large scales so to consider
cars as small particles and their density as the main quantity to be considered.
In any case, it is reasonable to assume the conservation of the number of cars,
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thus leading again to a conservation law. As traffic jams display sharp dis-
continuities, there is a correspondence between traffic jams and shock waves.
Therefore, fluid-dynamic models for traffic flow seem the most appropriate
to detect some phenomena as shocks formation and propagation on roads,
since solutions can develop discontinuities in a finite time even starting from
smooth initial data (see [19]).
This nonlinear framework, based on the conservation of cars, is described by
the equation:

Op+0:f(p) =0, (1.0.1)

where p = p(t,z) is the density of cars, with p € [0, pimaz], (t,2) € R? and
Pmaz 18 the maximum density of cars on the road; f(p) is the flux, which
can be written f(p) = pv with v the average velocity of cars. In most cases
one assumes that v is a function of p only, thus also f = f(p) and its graph
is called the fundamental diagram. We make this assumption, moreover, for
simplicity, we let f be concave and have a unique maximum o €]0, ppmaz| (the
non concave case is discussed along the book).
A simple choice for the velocity is that of a linear decreasing function:

U(p) = Umax (pmaa: - P), (102)
thus the resulting flux is given by:

f(p) = Umazx P (pmarc - p)a

see Figure 1.1.

; 2
YmazPmaz

0 Pmazx P

Fig. 1.1. The flux function when the velocity is given by (1.0.2).

To illustrate the behavior of solutions to (1.0.1), we start focusing on the
simplest example of junction (or of network) which is a traffic light. Assume
that the traffic light is positioned at x = 0 and consider the initial density of
cars given by:
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i <
it = {20 103
so that the road before the light is full of cars and empty in front of the light.
This typical datum corresponds to a situation in which the traffic light is red,
so that cars are in a queue at the light. Assume that the green starts at time
t = 0, then cars start to pass through. This is well detected from the solution
to (1.0.1) with initial datum given by (1.0.3). In fact the evolution is given
by:

Pmaz if £ < f'(pmaz)t,
p(t,x) =< (f)7HE), if f/(pmas)t <z < f'(O)L,
0, if x > f/(0)¢;

see Figure 1.2. For a fixed time t > 0, the solution is equal to p,q to the
left of the point f’(pmaz)t, hence there is a queue beyond this point; the
solution vanishes to the right of the point f’(0)¢, hence no car reached yet
this point; finally, in the middle, there is a decreasing density, which is the
effect of progressive acceleration of cars at the green light.

T = f/(Pmaz)t

(7 (%)

Pmazx 0

Fig. 1.2. The evolution in the case of a traffic light, when the red light turns green.

The same model describes well the phenomenon of queue formation when
a red light starts. Assume now that the initial datum is given by po(z) = o.
This typical datum corresponds to a situation in which the traffic light is
green, so that cars are flowing through. Assume that the red starts at time
t = 0, then it is the same as imposing the flux to be zero at x = 0. This can
be mathematically described by considering the road split in two parts and
assign the flux to be zero at © = 0 (same as giving boundary data). In this
case the solution is given by:



4 1 Introduction

o, if £ < —vmazot,

p(t,x): Pmazx, 1f _Umarat<xSO7
0, if 0 <2 < Upmae ot
o, if £ > Vmaz ot

see figure 1.3. Therefore, for a fixed time ¢ > 0, a queue is forming at the light
and cars are piling up at the point —v,,q. o t; in front of the light there is an
empty region up to the point v, 0 t.

T = —UmazOt
T = Umaz Ot

Pmazx

Fig. 1.3. The evolution in the case of a traffic light turning red.

Let us now pass to treat the case of a general network, formed by a finite
collection of roads that meet at some junctions. Due to finite speed of waves
in solutions to (1.0.1), it is enough to assign the dynamics at each junction
separately to obtain an evolution on the whole network. To illustrate the
main difficulties, it is enough to focus on a simple junction with one incoming
and two outgoing roads. We consider the particular situation in which the
incoming road is occupied by cars with maximum density, while the outgoing
roads are empty, see Figure 1.4. Indicating by po,; the initial datum on road

Road 2

Road 1

Pmax 0

Road 3

Fig. 1.4. A particular situation in a junction with 1 incoming road and 2 outgoing
roads.
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i,1=1,...,3, in formulas we have:

p0,1(%) = pmazs  po2(z) = pos(x) = 0. (1.0.4)

There are two extreme behaviors of cars one may expect. Namely: all cars flow
towards the first outgoing road or all cars flow towards the second outgoing
road. These two behaviors in fact define two different solutions on the network
p and p:
Pmaz, 1f T < f/(pmaw)ta
t,xr) = - .
Pt ) {(fl) 1(%)7 if f'(pmaz)t < <0,

_(7E), o<z < o, _
palty ) = {0, if 2> f/(0)t, pa(t:z) =0,
while ﬁl = pP1, ﬁg = pP3 and ﬁg = p2.
Notice that both solutions conserve cars quantity through the junction and
this can be expressed as:

Z incoming fluxes = Z outgoing fluxes.

incoming roads outgoing roads

Therefore the solely conservation of cars is not sufficient to isolate a unique
solution. Moreover, the example shows the necessity of taking into account
drivers preferences, in the sense of assigning traffic distribution coefficients,
which prescribe the percentage of cars going to each outgoing road. For a
general junction with n incoming roads and m outgoing roads, this can be
resumed in a general rule:

(A) there exists a traffic distribution matrix
On4+1,1 *° Ontln
a=| ] (1.0.5)
aner,l et aner,n

where 0 < «;; < 1 for every ¢ € {1,...,n} and for every j € {n +
1,...,n+m} and

n+m
Y aji=1 (1.0.6)
j=n+1
for every i € {1,...,n}. The coefficient «;; gives the percentage of cars

flowing from the i-th incoming road to the j-th outgoing one.

If we denote by f; and f7, respectively, the fluxes on the i-th incoming road
and on the j-th outgoing one, the rule (A) can be mathematically expressed
by the formula

f! fi

=A. (1.0.7)

m I
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First notice that rule (A) is in agreement with conservation of cars through
the junction. In fact from (1.0.6):

D=3 aifi=> Y aifi=>_ fi
J J 1 1 J 1
One may expect that rule (A) is sufficient to describe in a unique fashion
the dynamics at junctions. Unfortunately this is not the case!
Consider again a junction with one incoming and two outgoing roads and
the initial data (1.0.4). A solution satisfying rule (A) is simply given by the
functions
P1 (tv LC) = Pmaz, P2 (tv LC) = pg(t, :E) =0,
i.e. cars do not cross the junction. Notice that this is clearly a solution to
(1.0.1) on each road, in fact all derivatives vanish, and it conserves the number
of cars through the junction, since all fluxes vanish. Moreover, for every traffic
distribution matrix A, this solution always respects rule (A)! Indeed, given
any distribution matrix A = («;,;), equation (1.0.7) reads simply 0 = 0.
The modelling counterpart of such phenomenon is the fact that the attitude
of drivers to cross the junction is not detected by rule (A). The solution above
captures the situation in which, for some reason, no driver wants to cross the
junction. On the contrary, it is reasonable to assume that the will of drivers is
that of reaching their final destination as fast as possible. We thus fix another
rule

(B) The number of cars passing the junction is the maximum possible (re-
specting rule (A)).

Notice that the previous rule is equivalent to maximize the fluxes in incoming
roads, i.e. to maximize the functional

>t
=1

We show that, using rules (A) and (B), one can isolate a unique solution on
networks, in case m > n (and under some generic assumption). Moreover, in
case of a single incoming road, it is easy to check that rule (B) is equivalent
to maximize the average velocity on the incoming roads.

One can also treat junctions where the number of incoming roads is greater
than the number of outgoing ones. But, in this case, if not all cars can go
through the junction then there should be a yielding rule between incoming
roads. This corresponds to fix right of way parameters, which permit to find a
unique solution. More precisely, the i—th parameter indicates the percentage,
among cars passing through the junction, coming from the +—th incoming road.
The details about the mentioned rules are showed in Section 5.2.

The book develops a complete theory for car traffic, including source-
destination models and traffic regulation problems. Also it contains some re-
sults for telecommunication networks. We illustrate below the content of each
chapter.
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1.1 Book Chapters

This book is organized as follows. Chapter 2 deals with hyperbolic systems of
conservation laws. We introduce the basic definitions and give the basic tool
to prove existence and uniqueness of solutions.

In Chapter 3, some fluidodynamic macroscopic models for traffic on a
single road are presented. First we describe in detail the first order model of
Lighthill, Whitham and Richards (LWR model). Then we pass to the second
order models (i.e. systems of two equations) proposed by Payne and Whitham
and by Aw and Rascle. Various other more complex models are included, e.g.
multi-lane and multi-population.

Chapter 4 is devoted to the study of a general network, composed by a
finite number of edges and vertices. The general approach is presented: Rie-
mann problems at junctions and wave-front tracking algorithms. In particular,
we give the definition of Riemann solver at a junction.

Chapter 5 is also focused on road networks, where on each road the scalar
LWR model determines the evolution of car traffic. At each junction, we con-
struct the solution satisfying rules (A) and (B) (or with the right of way
parameters.) Existence of a solution to Cauchy problems on the whole net-
work is granted. The method, based on the wave-front tracking procedure,
described in Chapter 4, makes use of total variation estimates on the fluxes,
weak convergence and big waves tracing. The solution happens to be not
Lipschitz continuous in the L'-norm with respect to the initial condition.

In Chapter 6, the Aw-Rascle model is put on a road network. At each
junction, we consider again rules (A) and (B), but, in this case, they are
not sufficient for uniqueness of solutions. Hence additional rules are in order
and we propose three alternative ones. Then stability properties of solutions
at junctions are studied for each additional rule. Finally, a solution for the
Cauchy problem at a single junction is obtained for initial data, which are
small perturbations of stable equilibria.

Chapter 7 deals with an extended model of network, containing sources
and destinations. The situation on each road is no more described just by
the car density, but also by the traffic types, distinguished on the base of
sources and destinations. The resulting model is more complicated than that
of Chapter 5, and we consider several equations describing the evolution of
traffic-type functions. Using a new Riemann solver at junctions, existence of
solutions is proved for perturbations of network equilibria.

In Chapter 8, a typical traffic regulation problem is discussed: when con-
structing a junction, with some traffic flux expected, is it preferable a traffic
light or a circle? Using the model of Chapter 5, we assume that drivers arriving
at the junction distribute on the outgoing roads according to some expected
coefficients. A comparison between the light and the circle is developed show-
ing the behavior of solutions and, in particular, detecting the situation of
stuck traffic.
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Then we pass to consider the flow of information on a telecommunication
network encoded in packets, in Chapter 9. The analogy with fluids comes
from considering packets as particles. Our idea is to look at the network at
an intermediate time scale so that packets transmission happens at a faster
level but the equilibria of the whole network are reached only as asymptotic.
This permits to construct a model relying on a macroscopic description. A
new Riemann solver is introduced, to better mimic a router policy, getting a
more stable situation in which solutions depend in a Lipschitz fashion from
initial data.

Chapter 10 deals with some numerical algorithms to simulate the behav-
ior of the urban traffic flow. We focus on the Lighthill-Whitham-Richards
model on each road network and, at junctions, the Riemann solver proposed
in Chapter 5. Some numerical schemes, based on the Godunov and Kinetic
schemes, are proposed and tested on some networks.

]
| SE
TN

Fig. 1.5. Table of links among book chapters.

A complete course on a fluid-dynamic models for urban traffic can be based
on all Chapters excluding Chapter 9. For a short course on urban traffic, the
readers can focus on Chapters from 2 to 5 and possibly choose one of Chapters
6, 7, 8 and 10.

A short course on telecommunication networks can be based on Chapters 2,
4,5 and 9.
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Conservation Laws

The models for traffic flow we present in this book are based on systems of
conservation laws, which are special systems of partial differential equations,
where the variables are conserved quantities, i.e. quantities which can neither
be created nor destroyed.

In this chapter we give some basic preliminaries about systems of conser-
vation laws. A complete theory of hyperbolic systems of conservation laws is
not in the aim of the book. Therefore we remand the reader to the books by
Bressan [19], by Dafermos [40] and by Serre [98].

2.1 Basic Definitions

A system of conservation laws in one space dimension can be written in the
form

ur + f(u), =0, (2.1.1)
where u : [0, +00[xR — R™ is the “conserved quantity” and f : R™ — R" is

the flux. Indeed, if we integrate (2.1.1) on an arbitrary space interval [a, b],
then

d

b b
" / u(t, z)dz = — / Flult 2))oda = F(u(t,a)) = F(ult,h)),

and so the amount of u in any interval [a, b] varies according to the quantity
of u entering and exiting at x = a and x = b.

We always assume f to be smooth, thus, if u is a smooth function, then
(2.1.1) can be rewritten in the quasi linear form

us + A(u)u, =0, (2.1.2)

where A(u) is the Jacobian matrix of f at w.
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Definition 2.1.1. The system (2.1.2) is said hyperbolic if, for every u € R™,
all the eigenvalues of the matriz A(u) are real. Moreover (2.1.2) is said strictly
hyperbolic if it is hyperbolic and if, for every u € R™, the eigenvalues of the
matriz A(u) are all distinct.

Remark 2.1.2. Tt is clear that equations (2.1.1) and (2.1.2) are completely
equivalent for smooth solutions. If instead u has a jump, the quasilinear equa-
tion (2.1.2) is in general not well defined, since there is a product of a discon-
tinuous function A(u) with a Dirac measure.

Example 2.1.3. The scalar case. If n = 1 so u takes valuesin R and f: R —
R, then (2.1.1) is a single equation. In this case we say that (2.1.1) is a scalar
equation.

Ezample 2.1.4. The nxn system. If n > 1, then (2.1.1) is a system of n equa-
tions of conservation laws. Indeed if u = (u1,...,uy) and f = (f1,..., fn),
then (2.1.1) can be written in the form

Oruy + 8rf1 (’U,) =0,

Oyt + D frn (1) = 0.

2.2 Weak Solutions

A standard fact for the nonlinear system (2.1.1) is that classical solutions may
not exist for some positive time, even if the initial datum is smooth. This can
be shown by the method of characteristics. We describe briefly this method
for a quasilinear system.

Consider the Cauchy problem

{ Ut + a‘(ta z, u)um = h(ta z, u)7

u(0,z) = u(z), (2.2.3)

and, for every y € R, the curves z(t,y), u(t,y) solving

flj_? = (t,x,u),

% = )}L(Li&ﬂ), (224)
)

The curves t — z(t,y) when y € R are called characteristics.
The implicit function theorem implies that the map

(t,y) — (t,z(t,y)) (2.2.5)

is locally invertible in a neighborhood of (0,z() and so it is possible to con-
sider the map u(t,z) = u(t,y(t,x)) where y(t,x) is the inverse of the second
component of (2.2.5). It is easy to check that u(t, z) satisfies (2.2.3).
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Ezample 2.2.1. Let us consider the scalar Burgers equation

ug + ut, = 0,

with the initial condition u(0,z) = up(z) = H% The method of characteris-

tics shows that the solution (¢, ) to this Cauchy problem must be constant

along the lines
t
e (tv v H—x) |

For t sufficiently small (¢ < \/%) these lines do not intersect together and so

the solution is classical, but at ¢t = \%—7 the characteristics intersect together
and a classical solution can not exist for ¢ > \/%; see Figure 2.1.

3 1 -1 0 3 1 x

1
2 2 2

[N

Fig. 2.1. The characteristic for the Burgers equation of Example 2.2.1 in the (¢, z)-
plane.

Hence we must deal with weak solutions.

Definition 2.2.2. Fiz up € L}, .(R;R") and T > 0. A function u : [0,T] x
R — R"™ is a weak solution to the Cauchy problem

ut + f(u)a: = 01
{u(O,x) ) (2.2.6)

if w is continuous as a function from [0,T] into L} . and if, for every C!
function ¥ with compact support contained in the set | — oo, T[xR, it holds

T
/ / {u-, + f(u) - ¥y} dedt + / uo(x) - ¥(0,2)dz = 0. (2.2.7)
o Jr R
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Remark 2.2.3. Notice that a weak solution u to (2.2.6) satisfies
u(0,z) = up(x) for a.e. z € R.

This is a consequence of the fact that u is continuous as a function from [0, T
to L} . and of equation (2.2.7).

loc

Weak solutions may develop discontinuities in finite time. We introduce
some notations to treat such discontinuities.

Definition 2.2.4. A function u = u(t,x) has an approzimate jump disconti-
nuity at the point (1,€) if there exist vectors u=,u™ € R™ and A € R such
that

lim —/ /7 w(t+6,E+x) —U(t,z)|dzdt =0,

where " \
u, if x <A,
Ul(t,x) .—{qu’ iz >\ (2.2.8)

The function U is called a shock travelling wave.

The following theorem holds.

Theorem 2.2.5. Consider a bounded weak solution u to (2.1.1) with an ap-
prozimate jump discontinuity at (1,£). Then

AMut —u™) = flut) — fu). (2.2.9)

Proof. First suppose that u is equal to (2.2.8). Let {2 be a subset of the (¢, x)-
plane and ¢ : 2 — R” be a C' function with compact support K C 2.
Consider the vector field

g9(t,x) = (u(t,z) - (L, ), f(ull, 2)) - (L, x))

and the sets KT := K N{x > At}, K~ := K N{z < \t}, see Figure 2.2. The
outward normal to the boundary of K is given respectively by

1
CVAZ+1

thus applying the divergence theorem to g on K+, we deduce

/Kidiv(g) dzdt = AKini-g \//\2—/ [ u-(t, ) F f-(t, Att)] dt.

Since u is weak solution we get:

(/\7_1)7

n,g = —

0= / div(g) dxdt = div(g) dzdt + div(g) dxdt,
K K+ K-
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t - x=xt

u+

K+

X

Fig. 2.2. Region where the divergence theorem is applied.

hence
0= /{A [wt —u] = [f@ut) = Fu)]} - (e, M)t
The arbitrariness of the function 1 implies
AMut —u™] = flu®) = flu).

Consider now a general weak solution u to (2.1.1) with an approximate
jump discontinuity at (7,&). For every n > 0, define

ul(t,x) == u(t + nt, & + nx).

‘We have

/ / |u"(t,z) —U(t,x)| dedt = / / lu(r + nt, &+ nx) — U(t,x)| dedt
T e
- 772 —nr J—nr

S
R |u(r+t,&+x) — U(t, z)| dedt,
(777")2 —nr J—nr

dxdt

u(T+t7§+x)—U(£,£>
nn

where we used the definitions of ©”7 and of U. From Definition 2.2.4, the last
term goes to 0 as 7 — 0 and so u” — U in L}, as n — 0. Moreover f(u") —
f(U)in L}, as n — 0, since u is bounded and f is Lipschitz continuous on

bounded sets. Therefore U is a weak solution to (2.1.1) and
AMut —u™] = fu®) - fu)
by the previous analysis. O

Equation (2.2.9), called Rankine-Hugoniot condition, gives a condition on
discontinuities of weak solutions of (2.1.1) relating the right and left states
with the “speed” A of the “shock”. In the scalar case (2.2.9) is a single equation
and, for arbitrary u~ # u™, we have
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ft) = f)

A:
ut —u~

For a n x n system of conservation laws, (2.2.9) is a system of n scalar equa-
tions.

Example 2.2.6. Consider the Burgers equation

u2
m+(§> =0 (2.2.10)

with the initial condition
_f1—z|, ifx € [-1,1],
uo(z) = {O, otherwise.

The characteristics in this case are drawn in Figure 2.3.

(2.2.11)

X
1

Fig. 2.3. Superposition of characteristic curves for a Burgers equation.

Therefore for 0 < t < 1, the function

2 if -1 < <,

u(t,x) = 11_7‘;”, ift <z <<,

0, otherwise,

is a classical solution to (2.2.10). The Rankine-Hugoniot condition in the case
of Burgers equation reduces to

)] e

ut —u~ 2
If t > 1, then the function

i 1< e < -1+ V2428,
u(t,z) =4 tt1 .
0, otherwise,

satisfies the Rankine-Hugoniot condition at each point of discontinuity and
so a weak solution to the Cauchy problem (2.2.10)-(2.2.11) exists for each
positive time; see Figure 2.4.
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X
1

Fig. 2.4. Solution to Burgers equation of the example.

Example 2.2.7. Let ug be the function defined by

up(z) = {1’ %f z20,

0, if z <0.

For every 0 < a < 1, the function ug, : [0, 400[xR — R defined by
0, ifz < %t,

uo(t,z) =4 o, if ¥ <z < W

1, if z > (o)t

)

is a weak solution to the Burgers equation (2.2.10); see Figure 2.5.

Fig. 2.5. A solution uq.

Example 2.2.7 shows that the definition of weak solution does not guaran-
tee uniqueness. Therefore the notion of weak solution must be supplemented
with admissibility conditions, motivated by physical considerations.
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2.3 Entropy Admissible Solutions

A first admissibility criterion, coming from physical considerations, see Dafer-
mos [40], is that of the entropy-admissibility condition.

Definition 2.3.1. A C! function n : R® — R is an entropy for (2.1.1) if it
is convex and there exists a C' function q : R" — R such that

Dn(u) - Df(u) = Dg(u) (2.3.12)

for every u € R™. The function q is said an entropy flux for n. The pair (7, q)
is said entropy—entropy fluz pair for (2.1.1).

Definition 2.3.2. A weak solution uw = u(t,x) to the Cauchy problem

{ZE(;L:UJ;(i)Z;x% (2.3.13)

is said entropy admissible if, for every C function ¢ > 0 with compact support
in [0, T[xR and for every entropy—entropy fluz pair (n,q), it holds

T
/0 /R{n(u)% + q(u)ps } dzdt > 0. (2.3.14)

We consider now an entropy admissible solution v and a sequence of
entropy—entropy flux pairs (n,,q,) such that n, — n and ¢, — ¢ locally
uniformly in v € R™. If ¢ > 0 is a C! function with compact support in
[0, T[xR, then

T
/0 /}R{nu(u)% + qu(u)ps } dzdt >0 (2.3.15)

for every v € N. Passing to the limit as ¥ — +o00 in (2.3.15), we obtain that

T
/O /R {n(u)er + q(u)p, } dxdt > 0. (2.3.16)

This allows us to call a C% function 7 an entropy if there exists a sequence
of entropies 7, converging to 1 locally uniformly. Moreover a C° function ¢ is
a corresponding entropy flux if there exists a sequence ¢,, entropy flux of 7,
converging to ¢ locally uniformly.

2.3.1 Scalar Case

Let us consider the scalar Cauchy problem

{Zt( 0+ ;‘) (i)a; ;xo) (2.3.17)
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where f : R — Ris a C! function. In this case the relation between C* entropy
and entropy flux takes the form

7' (u) ' (u) = ¢'(u). (2.3.18)

Therefore if we take a C' entropy 7, every corresponding entropy flux ¢ has
the expression

where ug is an arbitrary element of R.

Definition 2.3.3. A weak solution u = u(t,z) to the scalar Cauchy problem
(2.3.17) satisfies the Kruzkov entropy admissibility condition if

T
/0 / {lu— k| g + sgn (u— &) (f(u) — F(k)) po} ddt > 0

for every k € R and every C' function ¢ > 0 with compact support in
[0, T[xR.

We have the following theorem.

Theorem 2.3.4. Let u = u(t,z) be a piecewise C' solution to the scalar
equation (2.3.17). Then u satisfies the Kruzkov entropy admissible condition
if and only if along every line of jump x = &£(t) the following condition holds.
For every o € [0,1]

{f(au+ +(l—aju”) zaf(wh)+1-a)f(u”), ifu” <u", (2.3.19)

flaut+ (1 —a)u) < af(ut)+ (1 —a)f(u™), ifu” >ut,
where u™ = u(t,£(t)—) and u™ = u(t,E(t)+).

For a proof of this theorem see [19]. Equation (2.3.19) implies that, if u~ <
u™, then the graph of f remains above the segment connecting (u~, f(u™)) to
(ut, f(u™)) (see Figure 2.6), while if v~ > u™, then the graph of f remains
below the segment connecting (u™, f(u™)) to (ut, f(u™)) (see Figure 2.7).

2.4 Riemann Problem

This section describes the entropy admissible solutions to a Riemann problem,
i.e. a Cauchy problem with Heaviside initial data. Let {2 C R™ be an open set,
let f: 2 — R™ a smooth flux and consider the system of conservation laws

ut + f(u)g =0, (2.4.20)

which we suppose to be strictly hyperbolic.
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+ [

+ u- u

Fig. 2.7. The condition 2.3.19 in the case u~ > u™.

Definition 2.4.1. A Riemann problem for the system (2.4.20) is the Cauchy
problem for the initial datum

u~, if x <0,
wo(x) = {u+, Zﬁx N (2.4.21)

where u™,ut € (2.

Remark 2.4.2. As shown in Section 2.6, the solution of Riemann problems is
the key step to solve Cauchy problems. In fact to prove existence we use the
wave-front tracking method, that, roughly speaking, consists in the following:

1. approximate the initial condition with piecewise constant solutions;

2. at every point of discontinuity solve the corresponding Riemann problem;

3. approximate the exact solution to Riemann problems with piecewise con-
stant functions and piece them together to get a function defined until
two wave fronts interact together;
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4. repeat inductively the previous construction starting from the interaction
time;

5. prove that the functions so constructed converge to a limit function and
prove that this limit function is an entropy admissible solution.

As before we denote by A(u) the Jacobian matrix of the flux f and
with Aj(u) < -+ < Ap(u) the n eigenvalues of the matrix A(u). Let
{ri(u),...,rn(uw)}, {l1(uw),...,ln(u)} be, respectively, bases of right and left
eigenvectors such that

1. |ri(u)| =1 for every u € 2 and i € {1,--- ,n};
2. l;-r; = §;; for every i,j € {1,--- ,n}, where d;; denotes the Kronecker
symbol, that is
5”._{1, if i = 7,
Y0, if g £ g

We introduce the following notation. If ¢ € {1,--- ,n}, then

e A (a) i i MO ETE0) ()
J e—0 I

that is the directional derivative of A;(u) in the direction of r;(u).

Definition 2.4.3. We say that the i-characteristic field (i € {1,---,n}) is
genuinely nonlinear if

rieXN(u) #0 Yu € (2.
We say that the i-characteristic field (i € {1,--- ,n}) is linearly degenerate

g ri®Xi(u) =0 Yu € (2.
If the i-th characteristic field is genuinely nonlinear, then, for simplicity,

we assume that r; e \;(u) > 0 for every u € (2.
We consider three cases.

1. Centered rarefaction waves. For u= € 2,4 € {1,--- ,n} and o > 0, we
denote by R;(c)(u~) the solution to
du
do 'I’Z‘(U),
{u(o) B (2.4.22)

Let > 0. Define ut = R;(5)(u~) for some i € {1,---,n}. If the i-th
characteristic field is genuinely nonlinear, then the function

u”, if x < As(u™)t,
u(t,z) == < Ri(o)(u™), if & = XN(Ri(o)(u™))t, o €0,5], (2.4.23)
u™, if > \i(u™)t,

is an entropy admissible solution to the Riemann problem
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{'U;t"’f(u)z =0

U’(Oa Qf) = Uo 33),

with ug defined in (2.4.21). The function u(t,x) is called a centered rar-
efaction wave.

Remark 2.4.4. Notice that, to construct function (2.4.23), 6 must be pos-
itive.

. Shock waves. Fix u~ € 2 and i € {1,--- ,n}. For some o¢ > 0, there exist
smooth functions S;(u_) = S; : [—09,00] — 2 and \; : [—0p,00] — R
such that:

a) f(Si(0)) = f(u™) = Xi(0)(Si(0) —u™) for every o € [—00,00];
b) [ =1

C) 51(0) =u, /\1(0) = )\i(u_);

Y ch;f,”)|g:0 =ri(u”);

° dzéc(fg) lo=0 = gri @ Xi(u");

) S5 oo =i erilu).

Let 7 < 0. Define ut = S;(). If the i-th characteristic field is genuinely
nonlinear, then the function

Jum, i < N()t,
u(t,z) = {UJF’ it 2> A ()1, (2.4.24)

is an entropy admissible solution to the Riemann problem

{Ut+f(u)w =0,
u(0, ) = uo(x),

with ug defined in (2.4.21). The function u(t, ) is called a shock wave.

Remark 2.4.5. If we consider & > 0, then (2.4.24) is again a weak solution,
but it does not satisfy the entropy condition.

Contact discontinuities. Fix v~ € 2, ¢ € {1,---,n} and 6 € [—09,00].
Define ut = S;(). If the i-th characteristic field is linearly degenerate,
then the function

Jum, it < N(u)t,
u(t,x) == {u+, it 2> As(u )t (2.4.25)

is an entropy admissible solution to the Riemann problem

{ut+f(u)m =0,
u(0, z) = uo(x),

with ug defined in (2.4.21). The function u(¢, x) is called a contact discon-
tinuity.
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Remark 2.4.6. If the i-th characteristic field is linearly degenerate, then
Ai(u”) = Xi(uh) = Ni(o)
for every o € [—oy, 0g).

Definition 2.4.7. The waves defined in (2.4.23), (2.4.24) and (2.4.25) are
called waves of the i-th family.

For each 0 € R and i € {1,...,n}, let us consider the function

Ri(O')(U()), if o 2 0,

¢1(0)(u0) = {Sl(O')(U()), if o < 0, (2426)

where ug € £2. The value o is called the strength of the wave of the i-th family,
connecting ug to ¥;(c)(up). It follows that 1;(-)(ug) is a smooth function.
Moreover let us consider the composite function

U(o1,...,00) (0" ) :=Yp(on) 001 (or)(u™), (2.4.27)

where v~ € 2 and (o1,...,0,) belongs to a neighborhood of 0 in R™. Tt is
not difficult to calculate the Jacobian matrix of the function ¥ and to prove
that it is invertible in a neighborhood of (0,...,0). Hence we can apply the
Implicit Function Theorem and prove the following result.

Theorem 2.4.8. For every compact set K C (2, there exists § > 0 such that,
for every u= € K and for every ut € £ with [uT™ —u~| < § there emists a
unique (o1, ...,0,) in a neighborhood of 0 € R™ satisfying

U(oy,...,o0)(u”) =u".

Moreover the Riemann problem connecting u™ with u™* has an entropy ad-
missible solution, constructing by piecing together the solutions of n Riemann
problems.

Ezample 2.4.9. (The p-system). Consider the following 2 x 2 hyperbolic sys-

tem:
{ Oip + 0:q = 0,

0¢q + O (% +p(p)) —0. (2.4.28)

This system describes an isentropic gas in Eulerian coordinates: p > 0 is
the density of the gas and ¢ is the linear momentum density, i.e. ¢ = pv where
v is the speed of the gas. The function p is the pressure and depends only on
the density p. Assume that p is of class C? and

p(p) >0, p'(p)>0, p'(p)=0

for every p > 0. A typical example is the ~-pressure law p(p) = kp? for
k > 0 and v > 1. Consider the coordinate U = (p,¢)T. Thus (2.4.28) can be
rewritten in the form
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where the flux function is

J) = <§ +p(ﬂ)> '

The Jacobian matrix for the flux f is

0 1
A= { g4 yyas )

which has the distinct eigenvalues

A\ = q_ Vo' (p) < A= % + VP (p),

p

and the corresponding right eigenfunctions

Ps Ps
r = , Trg= .
' (q—p\/p’(p)) ’ (q+p\/p’(p)>
This implies that the system (2.4.28) is strictly hyperbolic. Moreover
P (p) P (p)
red = —vVp(p) - pr—=, 20X =P (p)+ o=
24/7'(p) 24/7'(p)

and so the characteristic fields are genuinely nonlinear.
Let us consider the Riemann problem for (2.4.28) with initial data

U-, ifz<0,
U(0,z) = {U+, if 2> 0.

The equations %U = r;(U) gives the following rarefaction curves starting at
U-.
pa” 7 VP (r) -
R1={(p,q):q=—_—p/ dr, p<p ¢,
P p— r

_ P
R2={(p,q):q=—i)q_ +p/ —pr()dr, p>p}.
.

The Rankine-Hugoniot condition, instead, gives the shock curves S; and Ss
starting at U, which are

51— {mq) q=t - Wﬁ_(p—p)(p(p) (o)), o> p},

Sy = {(M) tq= p;—: - \/pﬁ_(p—p)(p(p) —p(p7)), p< p}~
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Fig. 2.8. The rarefaction and shock curves.

The situation is described in Figure 2.8. The curves R; and S; divide the
(p, q) plane into four regions Ay, Az, Az and Ay4. If U belongs to one of these
curves, then the Riemann problem is solved by a single wave. If instead U™ is
sufficiently near to U~ and belongs to one of the regions A;, then the solution
to the Riemann problem is given by two centered waves. More precisely, if
U™ € Ay, then the solution is given by a rarefaction wave of the first family
and by a shock wave of the second family. If U € As, then the solution is
given by two rarefaction waves. If Ut € Az, then the solution is given by two
shock waves. If UT € Ay, then the solution is given by a shock wave of the
first family and by a rarefaction wave of the second family.

2.4.1 The Non-Convex Scalar Case

In the scalar case, the construction of solutions to Riemann problems can be
done not only in the genuinely nonlinear case, i.e. for convex or concave flux
(see Exercise 2.8.4), or linearly degenerate case, i.e. affine flux (see Exercise
2.8.4.)

Consider thus a scalar conservation law:

Uy +f(u)r = 07

with f : R — R smooth. Given (u_,u4) the solution to the corresponding
Riemann problem is done in the following way.
If u_ < uy we let f be the largest convex function such that for every u €
[u—,uy], it holds:

fu) < f(u);
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see Figure 2.9.
If um > uy we let f be the smallest concave function such that for every
u € [ug,u_], it holds:

fu) = f(u);
see Figure 2.9.
Then the solution to the Riemann problem with data (u—_,uy) is the solution
for the flux f to the same Riemann problem.

U+ U—

Fig. 2.9. Definition of f.

Notice that, in this case, the flux f is in general not strictly convex or
concave but may contain some linear part. The solution to the corresponding
Riemann problems may contain combinations of rarefactions and shocks. For
simplicity, we illustrate only a special case.

Fix the scalar conservation law:

up + (u?), =0,

and u_ > 0.

If uy > u_, then f coincides with f and the solution to the corresponding
Riemann problem is given by a single rarefaction wave.

If uy < u—_, then we have to distinguish two cases. First, for every u define
a(u) < u to be the point such that the secant from (a(u), f(a(u)) to (u, f(u))
is tangent to the graph of f(u) = u® at a(u); see Figure 2.10.

In formulas:
fu) — fla(u))

D=L — ),
then: 5 (a)

LW 302y

u— afu) 3a”(u),

and one can easily get two solutions. The trivial one a(u) = u and
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Fig. 2.10. Definition of .

Now if uy > a(u_) then again f coincides with f and the solution is given by

a single shock. If, on the contrary uy < a(u_), the solution to the Riemann
problem is given by the function:

u_, if z< %u_ t,
u(t,z) =4 —/%, if 3u_t <z <3(uy)t,
Uy, if x> 3(uy)?t.

which is formed by a shock followed by a rarefaction attached to it; see Fig-
ure 2.11.

shock

rarefaction

U4

Fig. 2.11. Solution to the Riemann problem with u_ > 0 and u™ < a(u")
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In the case u— < 0 the construction is symmetric with respect to the case
u_ > 0, while for u_ = 0 the solution is always given by a rarefaction.

2.5 Functions with Bounded Variation

In this section we give some basic facts about functions with bounded varia-
tion.

Consider an interval J contained in R and a function w : J — R. The total
variation of w is defined by

N
Tot.Var. w = sup Z |lw(z;) —w(zj—1)| ¢, (2.5.29)
j=1

where N > 1, the points z; belong to J for every j € {0,..., N} and satisfy
o<1 < - <ITN-.

Definition 2.5.1. We say that the function w : J — R has bounded total
variation if Tot.Var.w < 4o0o. We denote with BV (J) the set of all real
functions w : J — R with bounded total variation.

Notice that the total variation of a function w is a positive number. If
w is a function with bounded total variation, then it is clear that w is a
bounded function. The converse is false. In fact every non constant periodic
and bounded function on R has total variation equal to +00. An important
property of functions with bounded total variation is the existence of left and
right limits for every x of the interior of J.

Lemma 2.5.2. Let w : J — R be a function with bounded total variation and
Z be a point in the interior of J. Then the limits

lim w(zx), lim w(x)

T—T r—zt

exist. Moreover the function w has at most countably many points of discon-
tinuaty.

Proof. Fix a point Z in the interior of J. Consider a strictly increasing sequence
Ty € J converging to . We have

Z |w(zy) — w(zps1)| < Tot.Var. w < 400.
neNn>1

This implies that the sequence w(zx,) is a Cauchy sequence and thus it con-
verges to some real number w~. Consider now another strictly increasing
sequence y, € J converging to Z. As before, the sequence w(y,,) is a Cauchy
sequence and thus it converges to some real number w~. We claim that
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w~ = w~. In fact, from the sequences x, and y, we can construct a unique
non-decreasing sequence Z, with the following property. For every n € N
there exist a unique n; € N (ny > n) and a unique ny € N (ng > n) such that
Tp, = xp and Tn, = yn. We deduce that z,, is a Cauchy sequence; hence it
has a unique limit and so w™ = @~ . This proves that lim,_,z— w(x) exists. In
the same way it is possible to prove that lim,_,z+ w(x) exists.

Define now, for every n € N\ {0}, the set

A, = {x eIntJ : |lwiz—) —w(x)| + |w(z+) —w(z)| > %} ,

where Int J denotes the interior of J. It is clear that the number of elements
of the set A,, can not be more than n - Tot.Var. w; hence A,, is a finite set for
every n > 1. The set of discontinuities of the function w is the union

U 4.
n>1
and so it is at most countable. O

The next theorem shows that subsets of BV (J), with uniform bound in
total variation, have some compactness properties.

Theorem 2.5.3. (Helly) Consider a sequence of functions wy : J — R™.
Assume that there exist positive constant C' and M such that:

1. Tot. Var. w, < C for every n € N;
2. |wp(z)| < M for everyn € N and x € J.

Then there exist a function w : J — R™ and a subsequence wy, such that

1. limp—s oo Wy, () = w(x) for every x € J;
2. Tot.Var.w < C;
3. |w(x)| < M for every x € J.

Proof. For every n € N and x € J, define the function

N
Wy (z) = sup Z |wn(xj) - wn(xj—1)|

where the supremum is takenin N > 1,z € Jand g < z1 < --- < Ty = .
The value of the function W,, at a certain point = € J is the total variation
of the function w,, until the point x. Moreover we have

0<W,(z) <C, (2.5.30)
for every n € Nand z € J and

[wn(y) — wn ()] < Waly2) = Wa(y1), (2.5.31)
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for every n € N, z,y,y1,y2 € J and y1 < ¢ < y < y2. By (2.5.30) and a
diagonal procedure, there exist a subsequence W, of W,, and a function W
such that
lim W,, () = W(x)
h—+o00

for every x € J N Q. Define, for every n € N,

Bn:{xGIntJ: lim W(z) — lim W(x)}l}

y—zt y—a— n

The set B, is finite and it can contain at most C'n points; hence the set

B:UBn

neN

is at most countable. It implies that the function W has at most a countable
number of discontinuities.

By hypotheses it is also possible to choose a subsequence ny, of ny, which
we call for simplicity ng, such that

li =
Jm wi(z) = w(x)

for every x € J N (QU B). Indeed we have that the previous limit exists for
every x € J. Assume that £ € J \ B. This implies that & ¢ B, for every

n € N and so, for every n € N, there exist y1 < T < y2, y1,y2 € Q such that
W (y2) — W(y1) < . We have

limsup |we(Z) — w(2)| < 2limsup |we(Z) — we(y1)]
ke, k— o0 k—4o00

<2(Wly) ~ W) < =

Finally consider points xp < 1 < --- < xy in the set J. We deduce that

N N
S fwta) —w(es )l = Jim (S, () = wa (2;-0)] | <C,
j=1 j=1
and this concludes the proof. O

Theorem 2.5.4. Consider a sequence of functions wy, : [0,+oo[xJ — R™.
Assume that there exist positive constants C, L and M such that:

1. Tot.Var. wy(t,-) < C for every n € N and t > 0;
2. \wp(t, )] < M for everyn e N, x € J and t > 0;
3. [ lwn(t, x) — wn(s,x)|de < Lt — s| for everyn € N and t,s > 0.

1

Then there exist a function w € L},

such that

([0, 400 x J;R™) and a subsequence wp,,
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1. wy, — w in L}, ([0,+00 x J;R™) as k — +oo;
2. [ lw(t,x) —w(s,z)|dv < Lt — s| for every t,s > 0.

Moreover the values of w can be uniquely determined by setting

w(t,z) = lim w(t,y)

y—x

for everyt > 0 and © € Int J. In this case we have

1. Tot. Var.w(t,-) < C for every t > 0;
2. \w(t,z)| < M for everyt >0 and z € J.

Proof. By Helly’s theorem, it is possible to find a subsequence w,, such that,
for every t > 0, t € Q, wy, (t,-) — w(t,-) pointwise and hence in L} (R;R™).
Thus we have

/ |w(t,z) —w(s,z)|de < Lt —s|, Tot.Var.w(t,-) <C,
J

and
|w(t,z)| < M

for every t,s € QN [0,4o00[, x € J. Fix now ¢ > 0 and consider a sequence
t,, — t. Define
u(t,) = lim  w(ty,-).
m——+oo
By the previous estimates, this limit exists and is independent from the se-
quence t,,. We deduce

/ lu(t, ) —u(s,z)|de < Lt —s|, Tot.Var.u(t,-) <C,
J

and
lu(t, z)| < M

for every t,s € [0, 400, z € J, eventually by modifying the function u on a
set of measure zero.
Consider now, for € > 0 sufficiently small,

1 z+te
we(t,x) = g/ u(t, s)ds
and

b(t,x) = li “(t,x).

w(t,z) = lim w(t 2)
This function satisfies

w(t,z) = lim w(t,y).

y—>$+

This concludes the proof. 0O
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2.5.1 BV Functions in R™

In this section we describe briefly the L' theory for BV functions; see [44].
Let 2 be an open subset of R™ and consider w : 2 — R. We denote with
B(£2) the o-algebra of Borel sets of (2 and with B.({2) the set

{B € B(£2) : B compactly embedded in 2} . (2.5.32)

Definition 2.5.5. We say that @ B.(£2) — R is a Radon measure if it is
countable additive and p(0) = 0. We denote with MM(2) the set of all Radon
measures on {2.

The following theorem holds.

Theorem 2.5.6. Fiz a Radon measure ;i € IMM($2). There exist two positive
and unique Borel measures p+, u~ : B(£2) — [0, +00] such that

W(E) = it (E) - (B) (2.5.33)
for every E € B.(2).
Proof. (Sketch.) For every E € B.({2) define the Borel signed measure
L E:B(2) — R,

by (pL E)(B) = u(E N B) for every B € B({2). Thus we may consider the
Jordan decomposition

peE=(uE)t = (ucB)”.
If E,F € B.(f2) and E C F, then
(ne E)T(B) = (u F)™(B) and (uoE)”(B) = (uoF)™(B)

for every B € B({2), BC E.

Take a sequence of open sets (£2;)ren such that 2, C 2, for every
k € N and 2 = Ugen{2:. For every B € B.(2) there exists k € N such that
B C (2. Hence we may define

iwH(B) = (u Q) (B) and = (B) = (ue 25)" (B).

This definition does not depend on the choice of 2z; therefore we have two
positive measures put and p~ defined on B.(§2). It is also possible to extend
in a unique way gt and p~ to B(2) by taking
pt(B) = klim pt(BN ) and p (B) = klim p (BN 2y)
——+o00 — 400

where B € B(f2). Thus (2.5.33) holds. For the remaining part of the proof,
we refer to [44] or to [45]. O
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We are now ready to give the definitions of bounded Radon measures and
of bounded total variation functions.

Definition 2.5.7. Fiz a Radon measure pn € 9(£2) and consider the total
variation of p defined by |p| := p* + p=. We say that pn has bounded total
variation if |u| (£2) < 400 and we denote with M,(£2) the set of all Radon
measures with bounded total variation.

Remark 2.5.8. Notice that 21,(f2) is a Banach space with respect to the norm

lellom, () = Iuel (£2).
Definition 2.5.9. We say that w : {2 — R has bounded total variation if

1.we LY02);
2. the i-th partial derivative D;w exists in the sense of distributions and
belongs to My,($2), for everyi=1,...,n.

The total variation of w is given by

n

" |Diw] (42).

=1

We denote with BV (§2) the set of all functions defined on 2 with bounded
total variation.

Remark 2.5.10. The space BV ({2) is a Banach space with respect to the norm
1wl 1y + D [Diw] (£2).
i=1
Remark 2.5.11. Let w € L1(£2). Then w € BV (£2) if and only if there exists
¢ € (0,+00) such that

< esup [p(z)]
e

/ w div pdz
Q

for every ¢ € Cg°(£2;R™). In this case one can choose the constant ¢ equal to
the total variation of w.

Remark 2.5.12. If {2 is an interval of R, then the two descriptions of BV
functions are not completely equivalent. The most important difference is
that if we change the values of a BV function w in a finite set, then the total
variation of w changes but remain finite if we consider the first description,
while it does not vary in the second case. Therefore, if we are interested only
in the L' equivalence class, then we can assume that a BV function w is right
continuous or left continuous.



32 2 Conservation Laws

2.6 Wave-Front Tracking and Existence of Solutions

This section deals with the existence of an entropy admissible solution to the

Cauchy problem
u + [f(u)]e =0,
{um, )= (), (2:6.34)
where f: R™ — R" is a smooth flux and @ € L'(R™) is bounded in total vari-
ation. In order to prove existence, we construct a sequence of approximate
solutions using the method called wave-front tracking algorithm.
We start considering the scalar case, while the system case, much more deli-
cate, will be only sketched.

2.6.1 The Scalar Case

We assume the following conditions:

(C1) f : R — R is a scalar smooth function;
(C2) the characteristic field is either genuinely nonlinear or linearly degen-
erate.

It is possible to choose a sequence of piecewise constant functions (4, ),
such that

Tot.Var.{u,} < Tot.Var.{a}, (2.6.35)
[t oo < (1] pos (2.6.36)
and .
la, —all . < ” (2.6.37)
for every v € N; see Figure 2.12.
u
—_— X

Fig. 2.12. A piecewise constant approximation of the initial datum satisfying
(2.6.36) and (2.6.37).
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Fix v € N. By (2.6.35), u, has a finite number of discontinuities, say
xy < --- < xn. For each ¢« = 1,..., N, we approximately solve the Rie-
mann problem generated by the jump (4, (z;—), 4, (z;+)) with piecewise con-
stant functions of the type o(*5%£), where ¢ : R — R. More precisely, if the
Riemann problem generated by (4, (x;—), 4, (x;+)) admits an exact solution
containing just shocks or contact discontinuities, then ¢(*5*) is the exact
solution, while if a rarefaction wave appears, then we split it in a centered
rarefaction fan, containing a sequence of jumps of size at most %, travelling
with a speed between the characteristic speeds of the states connected. In this
way, we are able to construct an approximate solution u, (¢, ) until a time ¢,

where at least two wave fronts interact together; see Figure 2.13.

t1

AVAVAN'

1 T2 x3 T4 x5

T

Fig. 2.13. The wave front tracking construction until the first time of interaction.

Remark 2.6.1. In the scalar case, if the characteristic field is linearly degener-
ate, then all the waves are contact discontinuities and travel at the same speed.
Therefore the previous construction can be done for every positive time.

Remark 2.6.2. Notice that it is possible to avoid that three of more wave fronts
interact together at the same time slightly changing the speed of some wave
fronts. This may introduce a small error of the approximate solution with
respect to the exact one.

At time t = t1, u,(t1,-) is clearly a piecewise constant function. So we can
repeat the previous construction until a second interaction time ¢t = t5 and so
on. In order to prove that a wave-front tracking approximate solution exists
for every t € [0, T, where T may be also +00, we need to estimate

1. the number of waves;
2. the number of interactions between waves;
3. the total variation of the approximate solution.
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The first two estimates are concerned with the possibility to construct a piece-
wise constant approximate solution. The third estimate, instead, is concerned
with the convergence of the approximate solutions towards an exact solution.

Remark 2.6.3. The two first bounds are nontrivial for the vector case and it
is necessary to introduce simplified solutions to Riemann problems and/or
non-physical waves.

The next lemma shows that the number of interactions is finite.

Lemma 2.6.4. The number of wave fronts for the approzimate solution u, is
not increasing with respect to the time and so u, is defined for every t > 0.
Moreover the number of interactions between waves is bounded by the number
of wave fronts.

Proof. Consider two wave fronts interacting together. The wave fronts can be:

1. two shocks,

2. two rarefaction shocks,

3. a shock and a rarefaction shock,
4. two contact discontinuities.

By Remark 2.6.1, the case of two contact discontinuities can not happen.
Moreover, the speeds of waves imply that also the case of two rarefaction
shocks can not happen. In fact, suppose that two rarefaction shocks interact
together at a certain time. Denote with u;, u,, and u, respectively the states
as in Figure 2.14. Since these waves are rarefactions shocks, we have

Mur) < Mum) < Muy),

where \ denotes the characteristic speeds of the states. Therefore the wave
connecting u; to u.,, has a speed less than or equal to the speed of the wave
connecting u,, to u, and the wave fronts can not interact together.

So the remaining possibilities are the followings.

1. Two shocks. In this case it is clear that after the interaction, a single shock
wave is created. So the number of waves decreases by 1.

2. A shock and a rarefaction shock. In this case either a single shock wave
is produced as in the previous possibility, or a single rarefaction shock is
created. In fact, if the exact solution to the Riemann problem at the inter-
action time is given by a rarefaction wave, then the size of the rarefaction
wave is less than or equal to the size of the rarefaction shock, which is
less than or equal to 1/v. This implies that the wave is split in a single
rarefaction shock. Thus the number of waves decreases by 1.

Therefore we conclude that a each interaction the number of wave fronts
decreases at least by 1 and so the lemma is proved. O
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Uy

U

Fig. 2.14. Interaction between two wave fronts.

Lemma 2.6.5. The total variation of u,(t,-) is not increasing with respect
the time. Therefore for each t > 0

Tot. Var.u,(t,-) < Tot. Var. a. (2.6.38)

Proof. Tt is clear that the total variation may vary only at interaction times.

Consider an interaction of two wave fronts at time . Let us call by wu;, u,,
and u, respectively the left, the middle and the right state of the wave fronts;
see Figure 2.14.

The interaction between the two waves produces a single wave connecting
u; with u,.. The variation before ¢ = ¢ due to the interacting waves is given by
|w) — |+ |tm — .|, while the variation after ¢ = ¢ due to the wave produced
is given by |u; — u,|. Triangular inequality implies that

[y — ur| < |ur — | + [um — ur
and so the proof is finished. O

The following theorem holds.

Theorem 2.6.6. Let f : R — R be smooth and i € L(R) with bounded vari-
ation. Then there exists an entropy-admissible solution u(t,x) to the Cauchy
problem (2.6.34), defined for every t > 0. Moreover

ut, M < 20l e (2.6.39)
for every t > 0.

Proof. For every v € N, construct a wave-front tracking approximate solution
u, as before in this section.
Clearly we have
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oty (8, 2)| < [ (0,)] < 1] (2.6.40)
for every v € N, t > 0 and = € R. By Lemma 2.6.5,

Tot.Var. u,(t, ) < Tot.Var. 4, (2.6.41)

for every t > 0 and v € N. Finally the maps ¢ — u,(t,-) are uniformly
Lipschitz continuous with values in L*(R;R). Therefore, by Theorem 2.5.4,
we can extract a subsequence, denoted again by u,(t, z), converging to some
function u(t,z) in L*([0, +oo[xR;R). Since ||u,(0,-) — a(-)||;» — 0, then the
initial condition clearly holds.

It remains to prove that u(t, z) is a weak solution to the Cauchy problem
(2.6.34) and that it is entropy admissible. To prove the first claim, fix 7" > 0
and an arbitrary C! function 1 with compact support in ] — oo, T[xR. We
need to prove that

/OT/R{u-th-f-f(u)-@[Jw}dxdt—f-/Ru(x).¢(07£)d$:0.

It is sufficient to prove that

Jim {ATA{uu.wt+f(uy>-wx}dde/Ruy(o,x)-w(o,x)dx} — 0.

v——400
(2.6.42)
Fix v € N. At every t € [0,T], call z1(¢t) < -+ < xn(t) the points where
u,(t,+) has a jump and set

Auy (t, 240) = uy(t, To+) — uy(t, 0—),
Af(uy(t,xq)) == fun(t, zat)) = fluw(t, va—)).

The lines x4 (t) divide [0, 7] x R into a finite number of regions, say I';, where
u, is constant. Applying the divergence theorem to (¢ - u,, % - f(u,)) and
splitting the integral (2.6.42) over the regions I';, we obtain that the integral
(2.6.42) can be rewritten in the form

T
/0 3 [#alt) - Auy(t,2a) — Af (un(t,20))] $(t, 20 (1)) dt. (2.6.43)

If x, is a shock wave or a contact discontinuity, then
o (t) - Auy (b, 2a) = Af (uy(t, 2a)) = 0,
while if z,, is a rarefaction wave, then
Ta(t) - Auy (t,x0) — Af(uu(t, 24)),

depends linearly on the L°° distance between u, and w. Splitting the sum-
mation in (2.6.43) over waves of the same type, we deduce that the previous



2.6 Wave-Front Tracking and Existence of Solutions 37

integral tends to 0 as v — +o00, concluding that u(¢, x) is a weak solution to
the Cauchy problem.

Fix now 1 a convex entropy with a corresponding entropy flux q. It remains
to prove that

T
Jim inf / / ()0t + gy i) ddt > 0
0 R

for every C! positive function ¢ with compact support. Using again the di-
vergence theorem as before, we need to prove that

v——+00

T
lim inf /0 S [alt) - An(u (t,70)) — Ag(uy (t,70))] 9t za)dt > 0

where
An(uy (b, 2a)) = n(uy(t, va+)) — 0w (t, 2a—)),
Aq(uy(t, 2a)) = q(un(t, za+)) — q(u(t, za—)).
Using the same estimates as in the previous case, we conclude. a

2.6.2 The System Case

For systems, the construction of wave-front tracking approximations is more
complex, because more types of interactions may happen. In particular the
bounds on number of waves, interactions and BV norms are no more directly
obtained.

Let us start giving some total variation estimates for interaction of waves
along a wave-front tracking approximation. These permit to illustrate the
ideas for obtaining the needed bounds in system case. The constants in the
estimates depend on the total variation of the initial data, which is assumed
to be sufficiently small.

Consider a wave of the i—th family of strength o; interacting with a wave
of the j—th family of strength o, ¢ # j, and indicate by o}, (k € {1,...,n})
the strengths of the new waves produced by the interaction. Then it holds

o1 = otl +1oy — o}l + 3 lokl < Claillol, (2.6.44)
ki,

For the case i = j, let us indicate by o; 1 and ;2 the strengths of the inter-
acting waves, then it holds

031 + 050 —0il + Y |0k < Cloalloial. (2.6.45)
ki

One can now fix a parameter 9, and split rarefactions in rarefaction fans
with shocks of strength at most §,. Also, at each interaction time, one solves
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exactly the new Riemann problem, eventually splitting the rarefaction waves
in rarefaction fans, only if the product of interacting waves is bigger than
d,. Otherwise, one solves the Riemann problem only with waves of the same
families of the interacting ones, the error being transported along a non-
physical wave, travelling at a speed bigger than all waves. In this way, it is
possible to control the number of waves and interactions and then let §, go
to zero. For details see [19).

Consider now a wave-front tracking approximate solution u, and let z,(¢),
of family i,, and strength o, indicate the discontinuities of u, (t). We say that
two discontinuities are interacting if z, < xg and either i, > ig or i, = ig
and at least one of the two waves is a shock. We define the Glimm functional
computed at u,(t) as:

Y(uy(t)) = TV (u, (1)) + C1 Q(uu (1)),

where C1 is a constant to be chosen suitably and

Quy(t) =Y loallog

where the sum is over interacting waves. One can easily prove that the func-
tional Y is equivalent to the functional measuring the total variation. Clearly
such functional changes only at interaction times. Using the interaction esti-
mates (2.6.44) and (2.6.45), at an interaction time t, we get

TV (uy (t4)) = TV (uy (t-))] < Cloi o],
Q(uy(t+)) = Q(uu (t-)) < =Cilailloj| + Cloillo;| TV (uy (t-)).
Therefore
Y (uy (t+)) — Y (uy(t—)) < |oil|oj] [C -Ch1+C TV(uy(f—))}.
On the other side, for every t:
TV (u,(t)) <Y (u,(t)).

Then choosing C; > C and assuming that T'V (u,,(0)) is sufficiently small, one
has that Y is decreasing along a wave-front tracking approximate solution and
so the total variation is controlled.

2.7 Uniqueness and Continuous Dependence

The aim of this section is to illustrate a method to prove uniqueness and
Lipschitz continuous dependence by initial data for solutions to the Cauchy
problem, controlling for any two approximate solutions u, u’ how their distance
varies in time. For simplicity we restrict to the scalar case. The method was
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introduced in [18] and is based on a Riemannian type distance on L!. In [20],
the approach was applied to systems case. Various alternative methods were
recently introduced to treat uniqueness, see the bibliographical note, but the
one presented here is the more suitable to be used for networks.

The basic idea is to estimate the L!-distance viewing L! as a Riemannian
manifold. We consider the subspace of piecewise constant functions and ” gen-
eralized tangent vectors” consisting of two components (v, ), where v € L!
describes the L' infinitesimal displacement, while ¢ € R™ describes the in-
finitesimal displacement of discontinuities. For example, take a family of piece-
wise constant functions § — u?, @ € [0, 1], each of which has the same number
of jumps, say at the points 2 < ... < 2%, . Assume that the following functions
are well defined (see Figure 2.15)

O+h( N _ .0
L''5 of(2)= lim @) (@)
h—0 h

and also the numbers
0+h _ .0

0 1: x@ wﬁ _
g Jim L f= 1N,

0+h

6
Lo

Fig. 2.15. Construction of ”generalized tangent vectors”.

Then we say that v admits tangent vectors (v?, £%) € T,o =L (R; R™) x R™.
In general such path # — u? is not differentiable w.r.t. the usual differential
structure of L', in fact if £ # 0, as h — 0 the ratio [u’*"(x) — u®(x)] /R
does not converge to any limit in L'.
One can compute the L!-length of the path v : # — u? in the following way:
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1 N 1
Il = / 1], do+ / [ () — (5| [€4] 6. (2.7.46)
0

B=1 0

According to (2.7.46), in order to compute the Ll-length of a path v, we
integrate the norm of its tangent vector which is defined as follows:

N
1w O =loll s + D 1Aus| sl
B=1

where Aug = u(xzg+) — u(xg—) is the jump across the discontinuity x3.
Let us introduce the following definition.

Definition 2.7.1. We say that a continuous map 7 : 6 — u?=~(0) from [0, 1]
into L} . is a reqular path if the following holds. All functions u® are piecewise
constant, with the same number of jumps, say at ¥ < ... < 2%, and coincide
outside some fized interval |— M, M[. Moreover, v admits a generalized tangent
vector Dvy(0) = (v%,¢%) € T,y = L*(R;R™) x RN, continuously depending
on 6 .

Given two piecewise constant functions u and v/, call £2(u,u') the family of
all regular paths v : [0,1] — ~(t) with 4(0) = u, v(1) = «’. The Riemannian
distance between v and v’ is given by

d(ua ul)i lnf {”’}/HLI 77 € Q(u, ul)} .
To define d on all L', for given u,u’ € L' we set

d(u, u')=inf {[|y][ 2 + lu =@l o + u" =@ 0

@, piecewise constant functions, v € £2(u,u’)}.

It is easy to check that this distance coincides with the distance of L. (For the
systems case, one has to introduce weights, see [20], obtaining an equivalent
distance.)

Now we are ready to estimate the L! distance among solutions, studying
the evolution of norms of tangent vectors along wave-front tracking approx-
imations. Take u,u’ piecewise constant functions and let v(9) = u” be a
regular path joining u = u® with v’ = u'. Define u”(t,z) to be a wave-front
tracking approximate solution with initial data u? and let v, (9) = u?(t, ).

One can easily check that, for every 7o (regular path) and every ¢ > 0,
is a regular path. If we can prove

el < loll s (2.7.47)

then for every ¢t > 0

lutt, ) = (¢, )|y < i0f flell o < inf ol = [lu(0, ) = /(0 )
(2.7.48)
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To obtain (2.7.47), hence (2.7.48), it is enough to prove that, for every tangent
vector (v,&)(t) to any regular path =, one has:

(0, )OI < [I(v, )OI, (2.7.49)

i.e the norm of a tangent vector does not increase in time. Moreover, if (2.7.48)
is established, then uniqueness and Lipschitz continuous dependence of solu-
tions to Cauchy problems is straightforwardly achieved passing to the limit
on the wave-front tracking approximate solutions.

Let us now estimate the increase of the norm of a tangent vector. In order
to achieve (2.7.49), we fix a time ¢ and treat the following cases:

Case 1. no interaction of waves takes place at ¢;
Case 2. two waves interact at ;

In Case 1, denote by z3, 03, and &g, respectively, the positions, sizes and shifts
of the discontinuities of a wave-front tracking approximate solution. Following
[20] we get:

d
- /|v<t,x>|dx+§ llosl p =

=12 AeT) = ) o+ D (5 = Ah) ot o
3 B
+3 DA ) - (7o) (signgs) |os)
B

with o3 = p* —p~, pT=p(w3+) and similarly for v*. If the waves respect the
Rankine-Hugoniot conditions, then

v vt
D™ p")(w™,0") = (Mp7) =) 1 + (80 = Mo ™)
and
% /|v(t,a:)| dr + Zﬂ: €] o] p <O0. (2.7.50)

In the wave front tracking algorithm the Rankine-Hugoniot condition may
be violated for rarefaction fans. However, this results in an increase of the
distance which is controlled in terms of 1/v (the size of a rarefaction shock)
and tends to zero with v — oo.

Let us now pass to Case 2. First, we have the following:

Lemma 2.7.2. Consider two waves, with speeds A1 and Ay respectively, that
interact together at t producing a wave with speed \3. If the first wave is shifted
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by & and the second wave by &, then the shift of the resulting wave is given

by
BRI A — A3

EP VW v

& &. (2.7.51)

Moreover we have that
Aps&s = Ap1 &1+ Ap2 &, (2.7.52)
where Ap; are the signed strengths of the corresponding waves.

Proof. We suppose that p; and p,, are the left and the right values of the
wave with speed A1 and p,, and p, are the left and the right values of the
wave with speed Ao, see Figure 2.16. So Apy = pym — p1, Ap2 = pr — pm and

A Az

1081 £,

Fig. 2.16. Shifts of waves.

Aps = p,. — p;. The two wave fronts have respectively equation
xr = )\1t+$1,0, xr = )\2t+$2,0,

where 21 o and z3 o are the initial positions of the wave fronts with speed A;
and Ao respectively. Therefore they interact at the point

_ 1,0 — 22,0 T1,0 — 2,0
t — )\ 3y ) ) 3y
(2,t) (331,0 +A1 SV VL W W )

If we consider the shifts, then the two wave fronts interact at the point

(x2,0 +&2) — (10 +&1) (x20+E&2) — (10 +&1)
A1 — As ’ A1 — Ao '

(z,1) = (331,0 +&+M

The shift of the new wave is thus:

§o— &1 & —&
R WS v

=3+ M-t —-T=&+\
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and consequently (2.7.51) holds. Multiplying equation (2.7.51) by Aps =
Ap1+ Aps, using Afs = Af;+Afs (the jumps in the fluxes) and the Rankine-
Hugoniot condition A = Af/Ap, we get:

Afs _ Afs Afy _ Afs
Aps&s = AP3M§1 + Aﬂs%&
Ap1 Apz Apy Ap2
AfsAps — AfaAps Afi1Aps — AfsApy
Af1A,02 - AfQAm P Af1A02 - AfQAm pat2
= Ap1&1 + Ap26e.
This concludes the proof. 0O
From (2.7.52) it follows
|Aps&s| < [Apal[&1] + |Ap2| (&2l
from which
(v, ) EH)I < [I(v, ) (E-)]| - (2.7.53)
2.8 Exercises
Exercise 2.8.1. Consider the Burgers equation
ug + v, =0, (2.8.54)
with the initial condition
u(0, z) = up(x), (2.8.55)

where ug € CH(R) N L= (R).

1. Prove that the characteristic curve for (2.8.54) are lines whose slope is
given by ug evaluated at the intersection point of the characteristic with

{(z,t) € R x [0, +00[: t =0}.

2. Suppose that inf uf(x) > 0. Prove that there exists a C'! solution u(t, z)
to (2.8.54) and (2.8.55) for every ¢t > 0.

3. Define L := inf u(z). Assume L < 0. Prove that for every 0 < { < —+
there exists a C'! solution u(t,z) to (2.8.54) and (2.8.55) for ¢ € [0, 7].

Exercise 2.8.2. Assume that f : R — R is a smooth function. For every
€ > 0 consider a function u® solution to

(u)e + f(u)z = e(u) - (2.8.56)

Suppose that u® converges in L}OC(R) as ¢ — 0 to a function u.
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1. Prove that u is a weak solution to
us + f(u), =0.

2. Prove that u is entropy admissible.
Hint: multiply both sides of (2.8.56) by 7’(u®), where 7 is a convex en-
tropy, integrate and pass to the limit as e — 0; see also [19].

Exercise 2.8.3. Consider the functions

n(u) =lu—kl, qu) =sgn (u—Fk)(f(u) = f(k)), (2.8.57)

where K € R, u € R and f : R — R smooth function. Prove that 7 is a C°
entropy and ¢ is the corresponding flux.

Exercise 2.8.4. Consider the conservation law
Ut + f(u)”f = 07

where f : R — R is a smooth function. Prove that:

1. the characteristic field is linearly degenerate if and only if f is an affine
function;

2. the characteristic field is genuinely nonlinear if and only if f is a convex
or concave function.

Exercise 2.8.5. Consider the scalar Cauchy problem

{Ut+f(u)x =0,
u(0, z) = uo(x),

where the flux f : R — R is a convex (resp. concave ) C'! function. Prove that
a piecewise C'! solution u satisfying the Kruzkov entropy admissible condition
also satisfies u~ > u™ (resp. v~ < u™) along every line of jump.

Moreover prove that (2.3.19) can be rewritten in the form

fh) = fw) _ flw) = fw)

~
ut —u* u- —u*

(2.8.58)

for every u* =aut + (1 —a)u™, 0 < a < 1.

2.9 Bibliographical Note

The theory of systems of conservation laws is extensively described in the
books by Bressan [19], Dafermos [40], Holden and Risebro [67] and Serre [98].

The general solution to the Riemann problem for a strictly hyperbolic
system of conservation laws was first obtained by Lax in [83]. A complete
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analysis of the Riemann problem for the p-system can be found in the book
by Smoller [99].

For a discussion of entropy-admissible conditions, see Dafermos [40], Lax
[83] and Smoller [99].

The first proof of global existence for weak entropic solution appeared in
the seminal paper by Glimm [49]. It is based on a construction of approxi-
mate solutions generated by Riemann problems with a randomly restarting
procedure.

For the scalar case, there is another proof, based on piecewise constant ap-
proximations, for the existence of an entropy admissible solution. This method
is due to Dafermos; see [40].

The wave-front tracking method was first introduced by Di Perna in [42]
and then it was extended by Bressan [19] and Risebro [96].

Uniqueness and Lipschitz continuous dependence of solutions to scalar
conservation laws (in many space variables) was first obtained by Kruzkov
using the special entropies (2.8.57), see [80]. Viscous approximations can also
be used for the scalar case, see [98]. The first proof of uniqueness for systems
was obtained in 1996 by Bressan et al., then published in [20]. The proof was
much simplified using the Bressan-Liu-Yang functionals, see [21]. Finally, re-
cently the viscous approximation was used also for systems in the spectacular
results of Bianchini and Bressan, see [17].
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Macroscopic Traffic Models

Macroscopic traffic models describe the evolution of vehicle positions in term
of macroscopic variables as the density and the average speed of cars. An
unidirectional road is modeled by an interval I = [a,b] of R (a < b) and so
the density p(t,z) and the average velocity v(¢, ) depend on the time ¢ and
onx el

The simplest model is the scalar one proposed independently by Lighthill
and Whitham in 1955 and by Richards in 1956. It is based on the conservation
of cars and is described by a single equation in conservation form.

Then some second order models, i.e. with two equations, were proposed by
Payne in 1971 and Whitham in 1974. Unfortunately Daganzo showed that all
these second order models are not good to describe traffic flow. In particular he
proved that cars may exhibit negative speed. Finally Aw and Rascle in 2000,
to overcome Daganzo’s observations, proposed a second order model, which
became a starting point for a lot of other traffic models and derivations.

In this chapter we describe all these models together with more advanced
ones proposed recently.

3.1 Lighthill-Whitham-Richards Model
The model is based on conservation of cars and it is described by the equation

pe+ f(p)e =0, (3.1.1)

where the flux f(p,v) is given by pv. The average speed v is assumed to be a
function depending only on the density. For simplicity, we suppose that

(LWR1) f is a C? function;

(LWR2) f is a strictly concave function;
(LWR3) f(0) = f(pmaz) = 0.
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The case of not strictly concave flux, of interest in real traffic applications,
is illustrated below in Section 3.1.4.
Without loss of generality, assume that ppq. = 1.

). This flux

Ezample 3.1.1. If p € [0,1] and v(p) = 1 — p, then f(p) = p(1 — p).
=0, f(1) =0 and

function satisfies all the previous assumptions. In fact f(0)

7"(p) = —2.

3.1.1 Derivation of the Equation

The derivation of (3.1.1) is the following. Let p(t,z) be the density of cars
on an unidimensional road at the point x € R and at time ¢t > 0. Fix two
arbitrary points a < b on the road. The variation of the number of cars is due
only to the interior flux at z = a and to the exterior flux at x = b. Therefore

b
;% p(t, x)dr = v(p(t, a))p(t, a) — v(p(t,))p(t,b)

b
. / £ (plt, 2))], da. (3.1.2)

Since (3.1.2) holds for every a < b, then we deduce the scalar conservation
law

pt + f(p)z = 0.

3.1.2 Fundamental Diagrams

The main assumption for the Lighthill-Whitham-Richards model is that the
average velocity v depends only on the density of the cars. A reasonable
property of v is that v is a decreasing function of the density. The law giving
the flux as function of the density is called fundamental diagram.

We describe various fundamental diagrams assigning the velocity function
v = v(p), thus the flux is simply obtained multiplying by the density p. The
simplest fundamental diagram is obtained setting v to be a linear function of
the density, i.e.

0(p) = Vmaa (1 __# ) ; (3.1.3)

pmaz
see Figure 3.1.
Another fundamental diagram was considered by Greenberg and was sup-
ported by experimental data from the Lincoln tunnel in New York. He pro-
posed the velocity function

v(p) = volog (””%) : (3.1.4)

where vg is a positive constant. In this case v(pmaz) = 0, while v is unbounded
when p — 07; see Figure 3.2.
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v
maw YmazPmax
2

0 Pmazx 4 —p'"é‘w Pmazx p

Fig. 3.1. The velocity function and the fundamental diagram for (3.1.3).

f

v

YoPmax
e

Pmaz

0 pmaz p T pmaz p

Fig. 3.2. The velocity function and the fundamental diagram when v is given by
(3.1.4).

A third fundamental diagram is given by the Underwood model, whose
velocity function is

v(p) = vmme(7 ez ). (3.1.5)
This model assumes that the average speed is non zero even if the density is

the maximal possible; see Figure 3.3.
Moreover one can also consider the Greenshield’s model:

0(p) = Vmaz (1_( p )n) neN, (3.1.6)

Pmazx

or the California model:

v(p) = o (% _ pria) : (3.1.7)

see Figures 3.4 and 3.5.

3.1.3 Riemann Problems

Assumptions (LWR1) and (LWR2) imply that equation (3.1.1) is strictly hy-
perbolic and the characteristic field is genuinely nonlinear. Consider the Rie-
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v /

Umaz

YmazPmax

-1
Umax€ = (- =

0 Pmaz p Pmaz P

Fig. 3.3. The velocity function and the fundamental diagram when v is given by
(3.1.5).

. f
Umax
MNPmazx | _____________
ntl
(n+1)"m
Pmax
0 Pmax P 0 (n+1) % P

Fig. 3.4. The velocity function and the fundamental diagram when v is given by
(3.1.6).

Vo

0 Pmazx P 0 Pmax p

Fig. 3.5. The velocity function and the fundamental diagram when v is given by
(3.1.7).
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mann problem for (3.1.1) with initial datum

_fp, ifx <O,
p(O,a:)—{er’ if x > 0.

If p~ < pT, then (LWR1) and (LWR2) imply that f'(p=) > f'(pT) and
so the entropy-admissible solution is given by the shock wave

o, it <A,
p(t’x)_{p"’, if x> A,

where, by the Rankine-Hugoniot condition (2.2.9),
y o S = feT),
pr—p=

see Figure 3.6. The speed of the wave is positive if f(p™) > f(p~), while is
negative if f(p™) < f(p™).

If instead p~ > p*, then f'(p~) < f'(p™) and so the entropy-admissible
solution to the Riemann problem is given by the rarefaction wave

o if w < f'(p7)t,
p(t,x) = (f)7HE), if f/(p7)t <z < f'(ph)t,
o if x> f'(p")t;

see Figure 3.7. A particular example of a Riemann problem for this model is
given by the description of a traffic light in the introduction.

t T =M\t

T

Fig. 3.6. The solution to the Riemann problem when p~ < p™.
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z=f(p7)t |1

T

Fig. 3.7. The solution to the Riemann problem when p~ > p™.

3.1.4 The not Strictly Concave Case

Let us now consider the case in which f is not strictly concave. More precisely,
we assume that:

(NSC1) f is a C? function;

(NSC2) there exist 0 < o < 6 < 1 such that the following holds: f is strictly
increasing on [0, o] and strictly decreasing on [0, 1]; f is strictly concave
on [0, 6] and strictly convex in ]0,1]; f/(1) < 0;

(NSC3) f(0) = f(1) =0.

Again, we can relax (NSC2) at the prize of a more involved treatment.

Let us now illustrate the solutions to Riemann problems. Recalling the
construction of Section 2.4.1, define p to be the point such that the line from
(p, f(p)) to (1, f(1)) is tangent to the graph of f at 1; see Figure 3.8. In

formulas:
f() = 1)
L—p
Then, similarly, define two functions «; :]p, 0[—]6, 1] and as :]6,1] —]a, 0]
in the following way. The secant from (a;(p), f(ai(p))) to (p, f(p)) is tangent
to the graph of f at «;(p); see Figure 3.8.
Now, we fix p~ and distinguish four cases:

= 7).

Case 1) p~ € [0, p|;
Case 2) p~ €]p,0[;
Case 3) p~ =0,

Case 4) p~ €]0,1].

In Case 1, the solution to Riemann problems with data (p—, p™) is the
same as in the strictly concave case.
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o2 (p2)
p1

P2

p o 0 ai(p1) P

Fig. 3.8. Flux function satisfying (NSC1)—(NSC3) and definition of functions a;
and Q2.

In Case 2, if p™ < a1 (p™), then the solution is the same as before, i.e. either
a rarefaction (p* < p7) or a shock (p™ > p7). If p* > ay(p™), then the solu-
tion is formed by a shock (p~, a1(p™)) followed by a rarefaction (aq(p™), pT).

In Case 3, the solution is always a rarefaction.

In Case 4, if p™ > p~, then the solution is a rarefaction. If aa(p™) < pT <
p~, then the solution is a shock. Finally, if p™ < az(p™), then the solution is
formed by a shock (p~, az(p™)) followed by a rarefaction (az(p™), p™).

3.1.5 Lighthill-Whitham-Richards Model with Viscosity

Some critique to the scalar model are based on the fact that the equation

pe+ f(p)e=0

develops discontinuities in finite time; see Section 2.2. There is an easy way
to eliminate discontinuities in the solution: considering the equation with a
viscosity term, i.e.

pe + [f(p) = ppz), =0 (3.1.8)
or equivalently

pe+ f'(p)pz = 1paa,s (3.1.9)

where p is a positive constant.

We show here that this equation is not realistic to describe the evolu-
tion of the traffic. Consider the following initial-boundary problem: the initial
condition is given by

1, if —1<2z<0,
pol(@) = {O, otherwise, (3.1.10)
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while the boundary condition p(¢,0) = 1 holds for every t > 0; see Figure 3.9.
Notice that the previous condition corresponds to a traffic light at = 0 with
the red light.

po

-1 0 T
Fig. 3.9. The initial configuration po.

The natural traffic evolution for this problem should be p(t,z) = po(x) for
every t > 0, i.e. nothing changes in time and cars wait at the red light. This
is indeed a solution to the inviscid Lighthill-Whitham-Richards model with
the boundary condition p(¢,0) = 1 for every ¢t > 0. Instead, every stationary
solution to (3.1.9) satisfies

F(P)pz = p1paa; (3.1.11)

thus the function pg(z) is not a stationary solution to (3.1.9). More precisely
consider a solution p(z) to (3.1.11) with boundary conditions

p(0)=1, lim p(z)=0

r— —0Q

/0 A(w)ds = 1.

— 00

and

The previous condition implies that the number of cars before x = 0 are the
same as at time ¢ = 0. Since p(x) is smooth, we deduce that p(z) < 1 for
x € [—1,0][. Finally, the solution to (3.1.9) tends to p(z) as t — +oo and so
some cars move backward, which is completely unrealistic.
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3.2 Payne-Whitham Model

In the L-W-R model, the average speed v of cars was supposed to be dependent
only on the density p. This assumption seems not valid in some interesting
traffic flow situations; hence Payne introduced an additional equation for the
speed v including a relaxation term for ». This produced the following system

of equations:
Pt + (pv)fc = 07
{’Ut—FU’Ur—I— %(Ae(p))z = %(Ue(p)—v), (3.2.12)

where the term v, (p) is the equilibrium value for the speed,

1
Lo (3.2.13)
p
is called anticipation term and
1
;(ve(p) —) (3.2.14)

is called relaxation term of v within a certain time 7 > 0 towards its equi-
librium value v (p). The first equation in (3.2.12) is the continuum equation,
while the second one is the acceleration equation.

Whitham himself proposed in 1974 a generalization of the L-W-R model
adding the following acceleration equation

D 1
v + vUg + ;pw = ;(ve(p) — ), (3.2.15)

with a suitable constant D > 0. It is clear that the previous equation is the
same of the second equation of (3.2.12) with a particular choice of A.(p).
Therefore models with systems (3.2.12) are called Payne-Whitham models.

Various expressions for the term A.(p) have been proposed by some au-
thors. Payne himself supposed that

l _i/
AL(p) = 5= lono)l,

while Kiithne, Kerner and Kohnh&user supposed that

Ac(p) = 0(2)/)

with a suitable constant ¢y. In analogy with fluid dynamics, the term A.(p)
can be viewed as “pressure” of traffic.

Sometimes a viscosity term was added in the acceleration equation, which
therefore becomes

D 1
v+ oy + —pr = —(ve(p) —v) + ﬁvm.
p T p
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Remark 3.2.1. As in hydrodynamic case, the term vv, is called the convec-
tion term and describes a motion of the speed profile. The anticipation term
(3.2.13) reflects the reaction of identical drivers to the traffic situation in
their surroundings. The relaxation term (3.2.14) describes the adaptation of
the average speed v to the equilibrium speed v (p).

Remark 3.2.2. In literature there are also 3x3 models. In particular Helbing
proposed a model with 3 equations. The first two equations are for the density
and speed, while the third one is for the variance. We refer also to Section 3.5.

3.3 Drawbacks of Second Order Models

Daganzo in 1995 published the paper “Requiem for second-order fluid approx-
imations of traffic low” about drawbacks of second order models for traffic
flow. Payne-Whitham and other second order models are too similar to fluid
models, but traffic behaviour presents some important differences with fluid
behaviour. The main differences between traffic and fluids are:

1. a fluid particle responds to stimuli from the front and from behind, while
a car particle responds only to frontal stimuli;
2. unlike molecules, drivers have personalities.

Daganzo showed in particular that the Payne-Whitham model has this un-
desirable feature: cars at the end of a queue move backward and this behaviour
spreads to the remaining vehicles in the queue.

Consider a traffic light on the red at £ = 0, as in Section 3.2, with the
initial condition
1, if —1<2<0,
0, otherwise,

i) = {
and the boundary condition
p(t,0) =1, w(t,0)=0,

for every t > 0. The correct solution to this problem should be:
(t,2) = 0, if z < -1,
PETI=1, 4 —1 <2 <0, (3.3.16)
v(t,z) =0, ¢t>0,z<0.

It means that nothing happens if the traffic light remain on the red. Unfortu-
nately, in general (3.3.16) does not satisfy the stationary the Payne-Whitham

model ) .
pPU)z = U,
{ + 1(Au(p))e = L(ve(p) ). (3:3.17)
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As shown in Section 3.2, this implies that p(t,2) < pmaes = 1 for € [-1,0]
and t large enough, so, by the conservation of cars, that there exists a subset
I of (—o0, —1) of positive measure such that p(t,z) > 0 for every € I. This
again means that some cars travel with negative speed, which is completely
unrealistic.

3.4 Aw-Rascle Model

The model is based on the system

Pt + (pv)a: = 0,
{ (v+p(p)): +v(v +p(p))e =0, (3.4.18)

where p = p(p) is the “pressure”, an increasing function of the density. The
prototype of function p considered by Aw and Rascle is p(p) = p? with v > 0.
Multiplying the first equation of (3.4.18) by p’(p) and adding to the second
one, we obtain
Pt + (pv)w =0,
3.4.19
L e =0 (3:4:19)

Clearly, for smooth solutions, systems (3.4.18) and (3.4.19) are equivalent. We
have the following proposition.

Proposition 3.4.1. The system (3.4.19) is hyperbolic. Moreover it is strictly
hyperbolic if p # 0.

Proof. Letting U := (p, v), system (3.4.19) can be rewritten in the form
U, + A(U)U, = 0,
where the matrix A(U) is defined by

AW = (g v— ppp’(p)> '

The eigenvalues of the matrix A(U) are A\; = v — pp/(p) and As = v. In
particular A;, A2 € R. Moreover since p > 0 and p’(p) > 0, we obtain that
A1 < Ag; hence the system (3.4.19) is hyperbolic. If p > 0, then A\ < A2 and
also the second statement is proved. a

Systems (3.4.18) and (3.4.19) are not in conservation form. In order to
obtain a conservative form, let us multiply the first equation of system (3.4.18)
by v+p(p), the second one by p and finally let us add the resulting expression.

We obtain:

[o(v + ()i + [pv(v + p(p))]2 = 0.

Therefore if y := p(v+ p(p)), then considering the variable U = (p, y), system
(3.4.20) is in conservation form.
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3.4.1 Characteristic Fields

Let us suppose from now on that the pressure function p(p) is equal to p”
with v > 0. In this case system (3.4.20) can be rewritten in the form

pe+(y—p ). =0,
ye + [2y — )] = 0.

The eigenvalues of the Jacobian matrix of the flux of the system (3.4.21) are
given by

(3.4.21)

AL = % —(y+1)p", A= % — . (3.4.22)
Notice that the second eigenvalue A, is equal to the velocity v of the cars.

It is easy to see that the first characteristic field is genuinely nonlinear,
while the second characteristic field is linearly degenerate; see [12, 19]. More-
over the rarefaction curves of the first family are lines passing through the
origin. Since the rarefaction curves are lines, also the shock curves of the first
family are lines and they have the same expression.

Instead, the curves of the second family through (po,yo) are given by

Yo
y=_p+ P’ = pip. (3.4.23)

3.4.2 Domains of Invariance

It is natural to assume that the density p is positive and bounded by a constant
Pmaz, which for simplicity we assume to be 1.

Also the velocity v of cars must be positive and bounded. In particular we
suppose that the maximum velocity of cars is decreasing with respect to the
density p and it has the following expression:

VUmaz(p) =1 —p7
Thus we obtain that p?*t! < y < p; see Figure 3.10. Therefore we assume that
the variable U = (p,y) takes value in the domain
D={(py) ERT xR": p?"' <y < p}. (3.4.24)

We show that the region D is invariant for the system (3.4.21). To this
purpose, it is enough to show that the solution to every Riemann problem
with data in D, remains in D. Consider a road I, modeled by R and the
following Riemann problem:

Oep + 0y —p) =0,
Oy + 0 (L —yp?) =0,
(p(0,2),y(0,2)) = (p—,y-), ifx <O,
(p(0,2),y(0,2)) = (p+,y+), ifz>0.

There are some different cases.

(3.4.25)
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y=prt!

1 p

Fig. 3.10. Domain of invariance.

1. The points (p—,y—) and (py,y+) belong either to a curve of the first
family or to a curve of the second family. In this case the two points can
be connected either by a wave of the first family or by a wave of the second
family. Notice that (p_,y_) or (p+,y+) can be equal to (0,0).

2. p— >0, p+ > 0and the curve of the first family through (p_, y_) intersects
the curve of the second family through (p4,y4) in a point of D different
from (0,0). We call (pg, yo) this point.

If po < p— then Ai(p—,y—) < A1(po,yo) < A2(po;Yo) = A2(p+,y+). So it
is possible to connect (p_,y_) with (po,yo) by a wave of the first family
with maximum speed A1 (po, yo) and then (po,yo) with (p4,y+) by a wave
of the second family with speed Az(po, yo)-
If instead pp > p—, then it is possible to connect (p_,y_) with (po,yo) by
a shock wave of the first family with speed
(y- =) = (o —p3™)
pP— —Po

and then (pg, yo) with (p+,y+) by a wave of the second family with speed
Yo
A2(posyo) = =— — pg-
Po
Clearly this process is admissible if and only if

oty _ o+l
(y— pp)_g)o Ps )<%_pg, (3.4.26)

Since (p—,y—) and (po,yo) belong to the same line y = c¢p with ¢ > 0,
(3.4.26) is valid if and only if
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clp — _ 1+1 _ o+l
(p— —po) = (p Po )<C_pg

P— —Po
which is equivalent to

P —pg

AN

pP——Po

Multiplying by (p_ — po) the last inequality, it results p? ™' — pJ™! <

plp— —pdt" and so (3.4.26) is equivalent to p? < pJ which is clearly true.

Thus the analysis of this case is completed.

3. p— >0, p+ > 0and the curve of the first family through (p_, y_) intersects
in D the curve of the second family through (p4,y) only at (0,0). Let
y = c1p be the curve of the first family through (p—,y—) and let y =
cap + p’T1 be the curve of the second family through (p,,y,). In this
case it is easy to see that ¢; < ¢o. It is possible to connect (p—,y—) to
(0,0) by a wave of the first family whose maximum speed is

lim A (p,c1p) = I - 1)p" =
i, 1(p, c1p) Jim, ey v+ =a

and then (0,0) to (p+,y+) by a wave of the second family with speed cs.
The conclusion follows from the fact that c3 > ¢;.

Remark 3.4.2. 1t is clear by the previous analysis that, once we consider the
domain D, cars have always positive speed. In fact, each point (p,y) in D
satisfies
v="_ p’ = 0.
p
Moreover, since D is invariant under the solution to the Riemann problem
and hence to the Cauchy problem, the function (p(t, ), y(t,z)) € D, i.e. cars

have always positive speed.

3.5 Third Order Models

The first third order model was proposed in 1995 by Dirk Helbing. He consid-

ered non only equations for density and velocity, but also for the variance 6.

The last variable becomes important to describe and predict traffic jams. In

fact fast increment of the variance describes queue formation in car traffic.
The exact model proposed by Helbing is the following one.

pt + (pv)s =0,
v+ g + 2 (00)e = +(ve(p) = v) + Bvgg, (3.5.27)
0 + 00y + 200, = 28 (0,)? + L0, + 2(6e(p) — 0),

where 6. and v, are given smooth functions of the density p, while u, k, 7 are
positive constants. The coefficient k is called kinetic coefficient. The quantity
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J(t,x) = —kO,

describes a flux of velocity variance leading to a spatial smoothing of 8. The
term originates from the finite reaction and braking time, which causes a
delayed adaption of speed to traffic situation. The term

2

Z(0(0) —0)
results from the drivers’ attempt to drive with their desired velocities and
from drivers’ interactions, i.e. from deceleration in a situation when a fast car
can not overtake a slower one.

In analogy with gas dynamics, the previous model is called an Euler type
model if ¢ and k are both equal to 0, otherwise it is called a Navier Stokes
type model. Stability analysis and numerical simulations about this model
can be found in [61].

3.6 Hyperbolic Phase Transition Model

A hyperbolic phase transition model for traffic was introduced by Colombo in
2002. Two phases corresponding to the free and congested flow are considered.
In the free flow the Lighthill-Whitham-Richards equation

pt+ (vp)e =0 (3.6.28)

is assumed to hold; see Section 3.1.

When the car density p is high, the assumption that the speed v is a
function only of the density is no longer taken. As soon as the speed v crosses
a certain value, the density-flow points are scattered in a two-dimensional
region. Thus in the congested region the traffic evolution follows the equation

g+ 0: (¢ —Q)-v] =0,

where v is a known function depending on the density p and on the momentum
q, while @ is a given parameter. From the traffic point of view, the parameter
@ is characterized by the phenomenon of wide jams; see [29].

The complete model is described by

{at,o+8r [p-v] =0, (3.6.29)

Free flow Congested flow
(p,q) € L2,
(b, q) € 2y,
pe+[p-v], =0, (3.6.30)
pe+lp-v], =0,

v=(1-$)v.
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pv

025

P
0 R

Fig. 3.11. The fundamental diagram for (3.6.30).

Here R and V' are respectively the maximal vehicle density and speed.
The free and the congested phase 2; and (2. (see Figure 3.11) are respec-
tively defined by

2 ={(p.q) € [0, R x [0, 400 : vy (p) > Vi, a =p-V}  (3.6.31)
and
-_ _ +_
Q™ -Q <4 Q < QT -Q ’
R p R
(3.6.32)
where Vy and V. are the threshold speeds, i.e. above V; the flow is free, while
below V, the flow is congested, and the parameters Q~ €]0, Q[, QT €]Q, +oo|

depend on environmental conditions and determine the width of the region
£2.. It is assumed that the various parameters are strictly positive and satisfy

QT -Q
RV

9c={(p, q) €0, R] x [0, +-00[:ve(p, q) < Ve,

V>Vi>V, Q@T>Q=2Q,

<1 (3.6.33)

and
- V-QY/R
1= (QT-Q)/(RV)’

Finally, we recall the condition

(-2) (2 ) 03

that ensures that all the waves of the first family have negative speed; see [37,
Proposition 2.3].

Vi (3.6.34)

3.6.1 The Riemann Problem

Here we discuss about the Riemann problem in the phase transition traffic
model. First let us analyze the characteristic speeds and fields in the congested
phase, since the free phase was treated in Section 3.1. Simple computations
show that the characteristic speeds in the congested phases are given by
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mm@:<%—%>@—@—%,

X2 (p,q) = ve(p.q) = 0.
If condition (3.6.35) holds, then we have that A; < 0; see [28]. Moreover we
have that the first characteristic field is genuinely nonlinear, while the second

one is linearly degenerate. The curve of the first family exiting (po,qo) is a
line given by

and

g — @
=Q+ P
Po
while the curve of the second family exiting (po, qo) is
q= £ R po qo;
po R—p ™
see Figure 3.12.
q
gs I (p0> qO)
2
p
0 R

Fig. 3.12. The Lax curves exiting from (po, o) in the congested region.

So, let us consider the initial datum

_ (Pl,Ql)a if x <01
(p,0)(0,2) = {(pr,q», if 2 > 0. (3.6.36)
If (pi,q1) and (pr,qr) belong to the same phase, then the classical solution
is used. Hence the significant case is when (p;, q;) € 2 and (pr,qr) € 2. or
viceversa. The definition of solution in this case is the following one.

Definition 3.6.1. Consider a Riemann problem where the initial states (pi, q)
and (pr, qr) belong to different phases. An admissible solution is a self similar
function

u: [0, +oo[xR — 25 U L2

such that there exists A € R satisfying:
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1.if (p,q) € 25 and (pr,qr) € (2, then u(t,] — oo, M[) C 2f and
u(t,|At, +oo]) C 02 for every t > 0;
2.4f (pi,q) € 2 and (pr,q;) € 2, then u(t,] — oo, Mt]) C 2. and
u(t,)\t, +oo[) C 2 for every t > 0;
3. the functions ~
u(t, x), if x < At
wt, ) = {u(t, X—), if x> A,

and (6. 564) _
_Jult, M), if x < A,
ur(t,x) = {u(t, x), if x > M,
are solutions to the Riemann problems with initial data respectively given
by
(pi;q1), ifz <0,
u(t, \t—), if x >0,

and

(Pryqr), if x>0
4. 1f (p1,q) € 25 and (pr, gr) € {2, then the Rankine-Hugoniot condition

{ ul(t, )\H— if v <0,
)
)) = u(t, Xe+)ve(t, \e+) — u(t, \e—)v(t, \t—)

A (u(t, X+) — u(t, At—

holds;
5.4f (pr,q1) € ¢ and (pr,qr) € 25, then the Rankine-Hugoniot condition

A (u(t, At+) — u(t, At—)) = u(t, \+)vg(t, M+) — u(t, Xt—)ve(t, Adt—)
holds.

Given two initial states (p;, q;) and (p,, ¢-) belonging to different phases,
there exists a unique A € R and an admissible solution, which is constant in
the regions

{(t,x) eR*: t >0,z < At}

and B
{(t,z) eR*:t > 0,2 > \t}.

3.7 A Multilane Model

Here we present a multilane model, which is an extension of the L-W-R model.
The main novelty is considering an unidirectional one-dimensional road with
n lanes.

The macroscopic variables considered here are the density p of cars and
the average speed v across all the lanes. Thus we have
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n
p=>_pi
=1
and
n
pu = pri,
=1

where p; and v; are respectively the density and the average speed of cars in
the i-th lane.

In a multilane road, one can often observe different traffic behaviour de-
pending on the density of traffic. When traffic is low, changing lane and over-
come cars is easy and so the equilibrium speed for cars is high. When traffic
is high, these actions become complicate and difficult, so that the equilibrium
speed for cars is low. The typical situation involves two distinct equilibria for
the average speed of cars. This is described by two functions w1 (p) and wa(p)
defined on [0, pmaz] such that

wi(p) > w2 (p)

for every p € [0, pmas[ and w1 (Pmaz) = W2(Pmaz) = 0. When the density p
is less than a critical value p;, then the average speed is described by the
function wy, while when the density p is greater than a value p3, then the
average speed is described by the function ws; see Figure 3.13.

Fig. 3.13. The functions w1 and ws for the multilane model.

Defining o = v — w1 (p) the system is given by
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pt + (pv)i =0,

_gv p< R(U)7
s + vag = € (3.7.37)
(“}2(9)—“’1(9))—047 p > R(v),

€

where R(v) is a monotone non-decreasing function defined on R satisfying
R(v) = p2, V0 <v < wap2)

and
R(v) =p1, Vv = wi(p1),

and ¢ is a small positive constant.
Notice that (3.7.37) in terms of p and v becomes

pt + (,O’U)r =0,
wi(p)—v
€

;P <R(v), (3.7.38)

vt + (v + pwi(p))vs = { wa(p)—v
—e 5 P > R(U)

Remark 3.7.1. The system (3.7.37) is nothing else that the Aw-Rascle model
with a source term depending by the density of the road. In fact, without
source term, (3.7.37) takes the form

pr + (pv)e =0,
ap +va, =0,

which is completely equivalent to (3.4.18) with the position

p(p) = —wi(p) +¢,

for every positive constant c.

3.8 A Multipopulation Model

Multipopulation models are extensions of the LWR model and their aim is
to predict the behaviour of different heterogeneous drivers. Some models of
this kind were proposed independently by Wong and Wong in 2002 and by
Benzoni-Gavage and Colombo in 2003.

The one for n-populations proposed by Benzoni-Gavage and Colombo can
be written in the form

8,5/%‘ + 690 (pﬂ)i) = 0, 1= ].7 cee,n, (3839)

where p; is the density of cars belonging to the i-th class (or population) of
drivers and v; is the average speed of the i-th family and it is a function
depending on (p1, ..., pn). Notice that (3.8.39) is a system of n conservation
laws. Without additional hypotheses on the functions v;, (3.8.39) is not in
general hyperbolic. Thus we consider the following assumptions:
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(A1) For every i € {1,...,n}, the function v; depends only on r = p1 +-- -+

Pn-
(A2) There exists a scalar function (r) € [0,1] such that, for every i €

{1,...,n},
vi(r) = Y(r)V; (3.8.40)

where V; is the maximal speed for the i-th population.

The expression for 1 is given by the fundamental diagram. For notational
simplicity we rescale the system so that 7,4, = 1. In this case the model
(3.8.39) is defined in the domain

D={(p1,---spn) ER":p; 20 and p1 + -+ + p, < 1}. (3.8.41)
Setting U = (p1,...,pn) and
fU) =) (prV1, .. paVa),
the system (3.8.39) takes the form
Ui+ f(U), = 0. (3.8.42)

Proposition 3.8.1. If p; > 0 for every i € {1,...,n}, then (5.8.42) is sym-
metrisable and hyperbolic. Moreover

= pillnpi —1)
E(p1,....pn) = ;T
is a convexr entropy and
Flp1,-.pn) =9(r) Y pilnp; — ¥ (r)
=1

s a corresponding entropy flux, where W is a primitive of 1.

Proof. The Jacobian matrix of the flux f is

V)V + 4 (r)pVa - Y (r)p1Va
Y (1)pn Vi s () + 0 (1)pn Vi
If p; > 0 for every i € {1,...,n}, then the diagonal matrix
1
L0
0 T p"L]V'L

is a symmetriser for D f, i.e. S+ Df is symmetric. This implies that (3.8.42)
is hyperbolic; see [98].
Concerning the entropy, it is sufficient to note that

HEWU)+ 0, F(U) =0,
and this concludes the proof. ]
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3.8.1 The Case n = 2

Consider now the special case of the model with just 2 populations, i.e. n = 2.
Using the expression 1 —7 for the function v, the model reduces to the system
of two equation

{ Orp1 + 02(Vi(1 = p1 = p2)p1) =0, (3.8.43)

Ip2 + 0:(Va(1 — p1 — p2)p2) = 0.
Assume that Vi > V5. The following proposition holds.
Proposition 3.8.2. The system (3.8.43) is hyperbolic in the domain
D={(p1,---,pn) ER":p; 20 and p1 + -+ pn < 1}.

At the point P := (2‘(}1:‘(32 ,0) the eigenvalues of the Jacobian matriz coalesce.

In D\ P, the system is strictly hyperbolic.
Proof. The Jacobian matrix for the flux of the system (3.8.43) is

Vi(l = p1 —p2) — Vi -1
—p2Va Vo(1—p1 —p2) —p2Va ) °

The characteristic polynomial of the Jacobian matrix is
(A=Vi(1 =2p1 — p2)) (A = Va(1 = p1 — 2p2)) — ViVapip2
and its discriminant is
(Vi(1 = 2p1 — p2) — Va(1 = p1 — 2p2))” + 4ViVapi o,

which is greater then or equal to 0. Hence the system is hyperbolic. Moreover
the discriminant is equal to 0 if and only if

pip2 =0, Vi(1—=2p1 —p2) = Va(l —p1 —2p2).
If p1 = 0, then the previous conditions read
(Vi = V2)(1 = p2) = =Vaps.

The first term is positive, while the second term negative; hence we reach a
contradiction.
If po = 0, then the conditions read

(Vi =Va)(1 = p1) = Vipy,

and so
Vi—-VW,

BRI
This concludes the proof. 0O

P1

It is also possible to prove that the first characteristic field is genuinely
nonlinear, while the second characteristic field satisfies

7’2./\220

if and only if p; + p2 = 1, where A2 and 72 denote respectively the second
eigenvalue and eigenfunction. For a proof of this fact see [16].
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3.9 Exercises

Exercise 3.9.1. Consider the Lighthill-Whitham-Richards model for traffic
when the flux f is given by

flp) = p(1 = p).
Find the exact solution to the Cauchy problem

{pt +f(p)w =0,

p(07$) = po(x),
when the the initial datum pg has the following expressions:
1.

i, if x<0,
po(z) =14 %, if O<az<l,
1, if x>
2.
i, if x<0,
po(z) =143, if O0<az<l,
i, it 2>
3.
1m
po(z) = — [— — arctanx} .
m L2

Exercise 3.9.2. Find the solutions to the Cauchy problems of the previous
exercise, with the Underwood flux

f(p) =pe™*
and with the California model flux

1

f(ﬂ)zg—l-

Exercise 3.9.3. Find solutions, if any, defined on |— o0, 0] to equation (3.1.11)
such that p(0) = 1, lim,_,_ o, = ¢ for the flux f(p) = p(1 — p).

Hint: Write solutions as trajectories on the phase space 6 = p and 6= po for
a suitable vector field.

Exercise 3.9.4. Consider the Aw-Rascle system (3.4.21) and assume that
VUmaz (p) = 1.

1. Is the region {(p,¥) : 0 < p < pmaz, 0 < v < Vpqy } invariant for (3.4.21)7
2. Is D, given by (3.4.24), still an invariant region?

Exercise 3.9.5. Consider the phase transition model of Section 3.6. For a
fixed density p; giving the datum in the free phase, find all data (p,, ¢,-) in the
congested phase, which can be connected to p; by a single wave, i.e. a phase
transition, with positive velocity.
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3.10 Bibliographical Note

The first order model described in Section 3.1 was proposed independently
by Lighthill and Whitham [88] in 1955 and by Richards [95] in 1956. For a
theoretical study of the LWR model, it is fundamental to know expressions
of fundamental diagrams. A comparison between fundamental diagrams can
be founded in [48, 89]. As regards the Greenberg’s fundamental diagram, one
may refer to [54].

Kerner in [71, 72, 74] affirmed that essentially a fundamental diagram does
not exists, since he observed that traffic flow presents three different behaviors,
depending on whether it is free or congested; see also [73].

The case of not concave fundamental diagrams was treated by some au-
thors; see for example Helbing [61, 62], Sopasakis and Katsoulakis [100] and
Tong Li [102]. Some complicated traffic flow patterns produced in the case
of not concave fundamental diagrams can be found in Greenberg [55], Green-
berg, Klar and Rascle [57], Helbing [61, 62], Kerner and Konh&user [75] and
Tong Li [104].

The Payne-Whitham model was proposed independently by Payne [93, 92]
in 1971 and by Whitham [107] in 1974. Some variants were proposed by Philips
[94] in 1977, by Kiihne [81] in 1991 and by Kerner and Konh&user [75] in 1994.

The paper by Daganzo [39] in 1995 stopped the growth of second order
models showing bad behaviours of cars in these models.

Aw and Rascle [12] in 2000 proposed a second order model taking care of
all the observations in the paper by Daganzo. A similar second order model
for traffic was also proposed by Zhang [110]. Aw, Klar, Materne and Rascle in
[11] gave a derivation for the Aw-Rascle model. They showed that this model
can be viewed as the limit of some follow the leader models.

The first third order model was proposed by Helbing in 1995; see [61].

According to Kerner’s considerations, Colombo [28, 29] in 2002 proposed
an hyperbolic phase transition model; see also [30]. The well posedeness of the
phase transition model was done in [37].

A multilane extension of the Aw-Rascle model was proposed by Greenberg,
Klar and Rascle [57], while the multipopulation model, proposed in this book,
was introduced independently by Wong and Wong [109] and by Benzoni-
Gavage and Colombo in 2003 [16]. In the literature, there are some other
multilane and multipopulation models; see for example Hoogendoorn [68] or
Herman and Prigogine [63].

There are also some traffic models describing bottlenecks, entries, exits
and some other realistic situations. One may refer to Hoogendoorn [68], to
May [89] and to Daganzo [38].
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Networks

This chapter deals with a complex network represented by a directed graph,
that is a finite collection of directed edges, connected together at some vertices.
Each vertex is given by a finite number of incoming edges and of outgoing
edges. We describe the general approach to define a system on the whole
network, by determining the behavior at vertices. In next chapters, on each
edge we consider a model for traffic evolution.

4.1 Basic Definitions and Assumptions

First we introduce the definition of network.
Definition 4.1.1. A network is a couple (Z,J) where:

T is a finite collection of edges, which are intervals in R, I; = [a;,b;] C R,
i=1,...,N;

J is a finite collection of vertices. Fach vertex J is union of two non empty
subsets Inc(J) and Out(J) of {1,...,N}.

We assume the following:

1. For every J # J' € J we have Inc(J)NInc(J’) = O and Out(J)NOut(J') =
0.

2. Ifi ¢ Ujeg Inc(J) then by = +00 and if i ¢ Ujey Out(J) then a; = —oo.
Moreover, the two cases are mutually exclusive.

The two conditions essentially asks the network to be graph. According to
the previous definition, each vertex can be identified with a n 4+ m-tuple
(415 yin, dnt1,-- -, intm), Where the first n-tuple indicates the set of incom-
ing edges and the second m-tuple indicates the set of outgoing edges. Con-
dition 1 implies that each edge can be incoming for at most one vertex and
outgoing for at most one vertex. Moreover, condition 2 implies that some
edges may extend to infinity but are connected to at least one vertex; see
Figure 4.1.
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Fig. 4.1. Example of network.

4.2 Riemann Solvers

In this section, assuming that the traffic on each edge is represented by an
hyperbolic system of conservation laws:

(ui)e + (fi(ui))e =0,  u; €RP, (4.2.1)

we want to define and solve Riemann problems at vertices. So we fix a network
(Z,J) and a vertex J € J and assume that Inc(J) = {1,...,n} and Out(J) =
{n+1,...,n+m}.

Definition 4.2.1. A Riemann problem at J is a Cauchy problem correspond-
ing to an initial data which is constant on each edge.

We look for centered solutions on each edge, which are the building blocks
to construct solutions to the Cauchy problem via a wave-front tracking algo-
rithm. Thus on each edge, we expect a solution to be formed by rarefactions,
shocks or contact discontinuities.

A Riemann solver is a map assigning a solution to each Riemann initial
data. Since we consider only centered solutions, it is sufficient to assign on
each edge a constant boundary value.

Definition 4.2.2. A Riemann Solver for the vertex J is a function
RS : (RP)™ ™ — (RP)™ ™

that associates to every Riemann data uo = (U1,0,--.,Un+m,0) at J a vector
4= (U1,...,Un+m) SO that the following holds.

On each edge I;, i = 1,...,n 4+ m, the solution is given by the solution to the
initial-boundary value problem with initial data uo; and boundary data ;.
We require the consistency condition
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(CC) RS(RS(ug)) = RS(uo).

Remark 4.2.83. A more general definition is obtained if the map RS depends
also on some parameters, say m, which are constant or evolve in time. This is
precisely the case of Chapter 7.

Once a Riemann solver is assigned we can define admissible solutions at J.

Definition 4.2.4. Assume a Riemann Solver RS is assigned at junction J.
Let u = (U1,...,Untm), Ui : [0,400) x I; — RP be such that u;(t,-) is of
bounded variation for every t > 0. Then u is an admissible weak solution to
(4.2.1) related to RS at the vertex J if and only if the following properties
hold:

(i) u; is a weak solution to (4.2.1) on the edge;
(ii) for almost every t, setting

UJ(t) = (ul('vbl_)7' ce un('abn_); un+1('7an+1+),- ce Un+m(',an+m+)),

we have

RS(uy(t)) = uy(t).

Such a general definition includes various ”non—physical” cases. For exam-
ple, in various applications, the quantity u, or some components of u, must
be conserved also at the vertex J, i.e. at the vertex J there is no creation or
destruction of w. This means that the total flowing in traffic must be equal
to the total flowing out traffic at J. One necessary condition is to ask equal-
ity of incoming and outgoing fluxes for the obtained solution . However,
such condition is not sufficient. Indeed, the initial-boundary value problem
on each edge may produce a solution which does not attain the boundary
value pointwise. So, to ensure conservation of u, we must ask for solutions
to the initial boundary value problems to have negative characteristic ve-
locities on incoming edges and positive characteristic velocities on outgoing
ones. This amounts exactly to ask that the Riemann problem on a real line
with initial data (u;0,%;), ¢ = 1,...,n, produces only waves with negative
velocities and the Riemann problem on a real line with initial data (@, u;0),
j=mn+1,...,n+ m, produces only waves with positive velocities. Finally,
conservation of u at the vertex J is equivalent to ask:

(Cons.1) If & = RS(ug), then for incoming edges the solution to the Riemann

problem (u; 0, ;) has all waves with strictly negative speed, i =1,...,n,
while for outgoing edges the solution to the Riemann problem (i, u;0)
has all waves with strictly positive speed, j =n+1,...,n+m.
(Cons.2) If & = RS(uop), then the incoming flux is equal to the outgoing one,
ie. . .
D) =Y filay).
i=1 j=n+1

Such conditions prescribe exactly that the sum of traces of fluxes over incom-
ing edges is equal to the sum of traces of fluxes over outgoing edges.



74 4 Networks
4.3 A Wave-Front Tracking Algorithm on Networks

Fix a network (Z, J) and assume that the evolution on each edge is given by
(4.2.1).

Once Riemann solvers at vertices are given, we can try to construct piecewise
constant approximations via a wave-front tracking algorithm. The construc-
tion is very similar to that for systems of conservation law on a real line; see
Section 2.6 of Chapter 2.

Let up = (u1,0,.-.,un,0) be a piecewise constant map defined on the net-
work. We begin by solving the Riemann Problems on each edge in correspon-
dence of the jumps of @ and the Riemann problems at vertices determined by
the values of 4. We split rarefaction waves in rarefaction shock fans.

When a wave interacts with another one on an edge, we simply solve the
new Riemann problem. Instead, when a wave reaches a vertex, we solve the
Riemann problem at the vertex using the corresponding Riemann solver; see
Figure 4.2.

I1 IS

12 14

Fig. 4.2. Wave-front tracking in a network composed by a vertex J, two incoming
edges I1 and I and two outgoing edges I3 and I4.

As for the wave-front tracking on a real line, it is fundamental to obtain
three bounds.

1. Bound on the number of waves;

2. Bound on the number of interactions (of waves with other waves and
vertices);

3. Bound on the total variation of the piecewise constant solution at every
time in terms of the initial total variation.

4.3.1 The Scalar Case

Let us now restrict to the scalar case, i.e. p = 1, and assume:
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(H) The functions u; take values on a bounded set, say [0, 1], and RS takes
values on [0,1]"*™ for every vertex J with n incoming and m outgoing
edges. The flux f; = f does not depend on the edge and is a strictly
concave C? function with f(0) = f(1) = 0. Thus f has a unique point of
maximum o €]0, 1[.

Notice that such scalar system is in fact genuinely nonlinear (the linearly
degenerate case being easier).

To obtain the estimates on number of waves and interactions, we need to
introduce some notations and provide preliminary results.

Definition 4.3.1. Let 7 : [0,1] — [0, 1] be the map such that:

1. f(r(u)) = f(u) for every u € [0,1];
2. 7(u) # u for every u € [0,1]\ {o}.

Proposition 4.3.2. The function 7 is well defined and continuous. Moreover
it satisfies

0<u<o<—= o< 7(u) <1, c<ul<=0<7(u) <o (4.3.2)

Proof. Fix u € [0,1]. If u = o, then 7(u) = u, since there is just one point of
maximum for f. If u # o, then by 1., 7(u) can assume at most two values.
One is u itself, while the other belongs to |o, 1] if u < o or it belongs to [0, o]
if u > 0. Since we want that 7(u) # w if u # o, then 7 is clearly well defined
and satisfies (4.3.2).

The continuity of 7 follows from the regularity of the flux f. O

The following proposition describes the regions, which the images of all
the possible Riemann solvers may belong to.

n+2

n+m

Fig. 4.3. a vertex with n incoming edges and m outgoing edges.

Proposition 4.3.3. Fiz a vertex J, an initial datum (u1,0,. .., Untm,0) and a
Riemann solver RS satisfying assumptions (Cons.1) and (Cons.2). Define

(1},1, e 7an+m) = RS(UL(), . ;un—i-m,O)-

For an incoming edge I; the following possibilities hold:
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1. if the initial datum u; o € [0, 0], then
@; € {wiotUlT(ui0), 1J;
2. if the initial datum ;o € [o,1], then
U; € [o,1].
For an outgoing edge I; the following possibilities holds:
1. if the initial datum u;o € [0, 0], then
i; € [0,0l;
2. if the initial datum ;o € [o,1], then
i € {ujo} U0, 7(uj0)l.

Proof. Consider an incoming edge I;. We require that the wave, produced by
the solution to a Riemann problem with initial datum (u; o, @;), has negative
speed. So, if u; ¢ € [0, 0], then 4; either is u; o or belongs to |7(u; 0, 1]. In the
first case there is no wave, while in the second case the wave (u;0,%;) is a
shock wave with negative speed; see Figure 4.4 (a).

f f

(a) First case. (b) Second case.

Fig. 4.4. Images of Riemann solvers in incoming edges.

If instead u; o € [0, 1], then 4; belongs to [0, 1] and the wave (u; 0, ;) is a
rarefaction or a shock wave with negative speed; see Figure 4.4 (b).

The case of an outgoing edge I; is completely analogous; see Figures 4.5
(a) and (b). O

The previous proposition allows us to introduce the following functions.
For each incoming edge I;, define

CRCURS F% S = AR
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f
R

S/

U35,0 u

(a) First case.

/
/ s |
a] Uj,0 u

(b) Second case.

Fig. 4.5. Images of Riemann solvers in outgoing edges.

while for each outgoing edge I;, define

max f(O'), if Uj.0 S [an']a
, ) = A 4.3.4
’y] (UJ’O) { f(uj70), if Uj.0 E]O’, 1]. ( )
The quantities v;"**(u; ) and 7;"**(uj,0) represent the maximum flux that
can be obtained by a single wave solution on each road.

From Proposition 4.3.3, we can deduce some properties of waves generated
at a vertex. For this we need to introduce some notation.

Definition 4.3.4. Fix an approzimate wave front tracking solution u and a
edge Ij, i =1,...,N. A wave 6 in I; is said a big shock if u? < uﬂr and
sgn(u’ — o) - sgn(uf, — o) < 0.
Definition 4.3.5. Fix an approzimate wave front tracking solution u and a
vertex J. We say that an incoming edge I; has a good datum at J at time
t>0if
Ui(t, bl—) S [O’, 1]

and a bad datum otherwise. We say that an outgoing edge I; has a good
datum at J at time t > 0 if
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u;(t,a;+) € [0, 0]
and a bad datum otherwise.

Lemma 4.3.6. If an edge I; of a vertex J has a good datum, then it remains
good after interactions with J of waves coming from other edges. Moreover, no
big shock can be produced in this way. If an edge I; has a bad datum, then after
any interaction with J of waves coming from other edges, either the datum of
I; is unchanged or a big shock is produced (and the new datum is good).

Proof. Let us consider the case in which I; is an incoming edge. By Proposition
4.3.3, if u; o(t,b;—) € [0,1] (good datum), then the new state @; € [0, 1] and
no big shock is produced. If w;(t,b;—) € [0,0[ (bad datum), then the new
state d; € {u;(t,b;—) YUl (ui(t, b;—), 1], hence, if a wave is created, it is a big
shock.

In the case of outgoing edge, if u;(t,a;+) € [0,0] (good datum), then
the new state 4; € [0,0], thus the resulting wave is not a big shock. In-
stead, if u;(t, a;+) €]o,1] (bad datum), then the new state i; € {u;(t, a;+)}U
[0, 7(u; (¢, a;+))], therefore, if a wave is created, it is a big shock. 0

Notice that, for ¢ > 0, the number of waves may increase only for interac-
tions of waves with vertices. When this happens some waves exiting the vertex
are generated. If these waves do not come back to the vertex, then one easily
get a bound on the number of waves and thus of interactions.

Hence, the main problem is to determine when a wave, generated at a vertex,
may come back to the same vertex, after interactions with some waves inside
an edge.

Lemma 4.3.7. If a wave produced from a vertex J on an incoming edge I;
comes back to J, interacting only with waves produced by J, then the wave
connects a bad left datum to a right good datum. The converse is true for
outgoing edges.

Proof. From Lemma 4.3.6, if there is a good datum on I; at J only waves
connecting good data are produced. If such waves interact on the edge I;,
then only waves with negative speed are produced.

Therefore the only wave which can come back to J is a big shock produced
when I; has a bad datum at J. By Lemma 4.3.6 we conclude. a

Since the speeds of waves are bounded, we can provide a general result on
existence of wave-front tracking approximations. More precisely we have the
following:

Proposition 4.3.8. Consider a network (Z,J), an evolution on each edge
given by (4.2.1) with p = 1 and a Riemann solver RSy, assigned for every
J € J, satisfying assumptions (Cons.1) and (Cons.2). Assume (H) holds
true and let ug be piecewise constant (taking a finite number of values) initial
datum. Then, for every T > 0, there exists a wave-front tracking approrimate
solution on [0,T].
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Proof. Let u(-) be a wave front tracking approximate solution starting from
ug. If the number of waves remains bounded and the same happens for the
number of interactions, then u is well defined on [0, 7.

Consider the set A of all indices 7 such that b; — a; < 400 and set:

_ min;e 4{b; —a;}
max{|f'(w)|: w € [0,1]}’

then ¢ is the minimum time for a wave to go from a vertex to another one.
Hence if we can bound the number of waves and interactions locally at each
vertex J, then a global bound follows from ¢ > 0.

Let us now focus on a fixed vertex J. If the number of interactions with
J of waves from any edge is bounded, then, the number of waves is also
automatically bounded. Hence the only problem for definition of u is when
there is an infinite number of interactions with J accumulating at some time
t < T. If this happens, then, by Lemma 4.3.7, there are big shocks bouncing
back and forth from J.

We want to prove that the solution u can be defined up to time t via
a limiting procedure. Notice that the number of waves on each edge I; is
bounded up to time ¢. On each edge two possibility occurs:

cl. the interaction times of big shocks with J from the edge accumulate at
t;

c2. the interaction times of big shocks with .J from the edge do not accumulate
at t.

In case cl., for times in a left neighborhood of ¢, all waves produced from J,
except big shocks, interact with a big shock and are cancelled. Therefore the
limit lim;_,7_ u(¢) is well defined and contain no wave in a neighborhood of
the vertex.

In case c2. it may happen that an infinite number of waves are produced
for times in a left neighborhood of ¢ from the vertex J. However, the datum
on the edge is good in a left neighborhood of ¢. Then no wave comes back to
the vertex and again we can define the limit lim,_,z_ u(¢). In fact, due to the
genuinely nonlinearity, there is a cancellation of waves for every ¢ > ¢, thus
u(t) is in BV for ¢ in a right neighborhood of ¢; see [50].

We conclude that u(f) can be defined by a limiting procedure. Since the
limiting procedure is always possible, we conclude that the solution can be
defined up to time T by a transfinite induction. a

The above procedure is highly non constructive, thus it is not possible to
pass to the limit with wave front tracking approximations. Hence we give some
conditions ensuring a constructive method for generating wave front tracking
approximate solutions.

Theorem 4.3.9. Consider a network (Z,J), an evolution on each edge given
by (4.2.1) with p = 1 and a Riemann solver RSy, assigned for every J €
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J, satisfying assumptions (Cons.1) and (Cons.2). Let ug be a piecewise
constant (taking a finite number of values) initial datum, assume (H) and:

(H*) For every vertex J, consider a network formed by only the vertex J, re-
placing incoming and outgoing edges by infinite length ones. Then there
exists a constant Cy, such that, using the corresponding Riemann solver
RS the following holds. For every wave front tracking approximate so-
lution, denoting by M the number of waves in the initial datum, at most
CyM waves are produced by the verter J and there are at most CjM
interactions of waves with the vertex J.

Then, for every T > 0, we can construct a wave front tracking approximate
solution on [0,T].

Proof. Define § as in the proof of Proposition 4.3.8, then § is the minimum
time for a wave to go from a vertex to another one.

Denote by u(-) the wave-front tracking approximation with initial datum wg.
Define M} to be the number of waves of u(kd) on edge I; and M¥% to be the
number of waves produced by J on the interval [kd, (k + 1)d]. By assumption
(H*), for every junction J we have:

Mk < CJm?fo,

where the maximum is taken over all edges I, incident at J, and for every
edge I; connecting vertex J; with vertex Jy we have:

MY < MF + max{M¥% , M¥ }.
Setting:

C7=maxC ME = max MF MFE = max M*
T gég Tl s i A A -

we get:
ME <CyME, METY < ME 4+ ME

By recursion:
Mf < (1+Cy)* M7,

thus proving that the number of waves is bounded. Similarly we can bound
the number of interactions, thus concluding. ad

4.3.2 Rich Systems

For the case p > 1, we can provide some bounds only for special classes of
systems. Following [98], we define:

Definition 4.3.10. A hyperbolic system of conservation laws (4.2.1) is called
rich on a region D C RP if the following holds.
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o The region D is invariant for solutions to Riemann problems. That is for
every Riemann data u_,uy € D there exists a solution to the Riemann
problem which takes values in D.

e Fach characteristic family either is linearly degenerate or genuwinely non-
linear with coinciding shocks and rarefactions curves.

o There exist disjoint closed intervals A; C R, such that every wave of the
i—th family connecting data in D has velocity in A;.

o The intervals A; do not contain the value zero.

Theorem 4.3.11. Consider a network (Z,J), an evolution on each edge
given by a rich system (4.2.1) and a Riemann solver RS; assigned for ev-
ery J € J. Let ug be piecewise constant (taking a finite number of values)
ingtial datum and assume ug(-) € D.

Then, for every T > 0, the number of waves and the number of interactions
are bounded for a wave-front tracking solution from uqg on [0,T].

Proof. Notice that for a rich system the following holds:

e if two waves of the i—th family interact on an edge, then only a wave of the
i—th family is produced. Moreover, if one of the two waves is a rarefaction,
then the resulting wave may be a rarefaction only of smaller size;

e if a wave of the i—th family interacts with a wave of the j—th family (j # 4)
on an edge, then the resulting waves are again only one of the i—th family
and one of the j—th family.

e if a wave of the i—th family is produced by an edge, then it can not come
back to the same edge by interactions with other waves.

Therefore, in the case of a rich system, it is clear that an assumption similar
to (H*) holds. Moreover, as for the scalar case, there exists lower bound § > 0
for the time taken by a wave to go from a vertex to another one. Then clearly
the number of interactions and of waves is bounded on [0, 7. O

4.4 A Case Study for Riemann Solvers

Let us consider a network composed by two edges I; and I connected together
by a vertex J. I is the incoming edge, modeled by the interval | — oo, 0], while
I, is the outgoing one, modeled by the interval [0, +o0|.

In the incoming edge I, the evolution is described by the conservation law

ue(t,x) + g(u(t, z))e =0, (4.4.5)

where u(t, z) € [ul,u}] and g is the corresponding flux. On the outgoing edge
I, the evolution is described by the conservation law

ue(t,x) + f(u(t,z))e =0, (4.4.6)

where u € [ug, up] and f is the flux. We assume that the fluxes f : [ug, uy] — R
and g : [ul,u}] — R satisfy the following properties:
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1. f and g are strictly concave functions;
2. there exists o, €]ul, uj[ such that g(oy) > g(u) for every u € [ul, uf];
3. there exists oy €|ug, uf| such that f(of) > f(u) for every u € [u, uy].

Define

Vo= g(ul), v = gup), 7o = fug), v = fup),

see Figure 4.6.

Fig. 4.6. Graphs of the fluxes f and g.

Consider the Riemann problem at .J

ur +g(u)y =0, ifx <0,t>0,
ur + f(u)y =0, ifx>0,t>0,
u(0,z) = uy, ifx <0,
u(0, z) = u,, ifx >0,

(4.4.7)

where u; € [ub,u}] and u, € [u2, uf].

We want to describe Riemann solvers at J satisfying some ”physical” con-
ditions as the conservation of the quantity w at J. Again we express the
solution by assigning the boundary values.

Definition 4.4.1. We say that u~ € [ul,ul] and u™ € [uS,u] determine a
weak solution to the Riemann problem (4.4.7) at J if

(R-1) the wave (ui,w™) on Iy has negative speed;
(R-2) the wave (u™,u,) on Iy has positive speed;
+

(
(
(R-3) g(u™) = f(u™).

The weak solution to the Riemann problem at J is given by the waves
(ug,w™) and (u™,u,) respectively on Iy and I.
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We look for conditions on 7, 7};, 2, ¢ in order that, for every u; € [ul | u})]
and for every u, € [u2,u?] the Riemann problem (4.4.7) admits at least a weak
solution satisfying (R-1), (R-2) and (R-3). The following lemmas hold.

Lemma 4.4.2. Assume v < 7, v2 = ~2. The Riemann problem (4.4.7)
admits a weak solution satisfying (R-1), (R-2) and (R-3) for every initial
condition if and only if vi =i =~ = 2.

Proof. If % = ~i = 42 = ~¢, then

- ué, if wy # ul,
YT, iy =
a’ = a?

and
+ Jug, if up # ug,
(R T
up, if u, = uy,

provide a weak solution to the Riemann problem satistying (R-1), (R-2) and
(R-3).

Suppose now that the Riemann problem (4.4.7) admits a least one weak
solution satisfying (R-1), (R-2) and (R-3) for every initial condition.

Assume by contradiction that v¢ < ~i. Fix u; such that g(u;) < 7;. By
(R-1), u~ = u; and so, by (R-3), f(u*) = g(u;). This implies that v° < g(u;)
and ¢ > g(w), otherwise, if v > g¢(u;), then the Riemann problem with
initial condition (u;,u,) = (u;,u?) does not admit weak solutions, while, if
~vg < g(u), then the Riemann problem with initial condition (u;, u,) = (u, uy)
does not admit weak solutions. Thus we have g(u;) = 72 = ¢, that is a
contradiction since the arbitrariness of u;. Therefore 7% = ~}.

By contradiction assume that v > v7. Fixing u, such that f(u,) <~ as
in the previous case, we conclude that f(u,) = v: = 'yé, that is a contradiction.
So g =-

Taking now (u;,u,) = (ul,u?), we conclude that 72 = i = 72 = ~¢; see
Figure 4.7. a

Lemma 4.4.3. Assume v > ~i, v = 2. The Riemann problem (4.4.7)
admits a weak solution satisfying (R-1), (R-2) and (R-3) for every initial
condition if and only if vi <P <72 < L.

Proof. Consider first the case v < 7¢ < 72 < 7%. For every u; define the set
A™(w) == {a € [ul,uj] : the wave (u;, @) has negative speed} .

We have that o
Vs Ya) € g(A™ (wr))

for every w;. If u, satisfies f(u,) < ¢, then u™ = u; and there exists an
element in A7 (w;) satisfying (R-3). If instead u, satisfies f(u,) > ~2, then
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Fig. 4.7. The fluxes f and g in the case of Lemma 4.4.2

there exists a weak solution such that u™ = u2. Thus the sufficient condition
is proved.

Assume now that the Riemann problem (4.4.7) admits a weak solution
satisfying (R-1), (R-2) and (R-3) for every initial condition.

Suppose first by contradiction that i > 4¢. Consider u, = u$. Then, by
(R-2), u™ = u; and so it is not possible to satisfy (R-3). Therefore v; < 2.

Suppose now that 72 > ~i. Consider (uj,u,) = (ul,u?). By (R-1), u~
satisfies g(u™) < 7%. By (R-2), u™ satisfies f(u™) > ~°. Then (R-3) is not

satisfied and so we get v¢ < 7%; see Figure 4.8.
This concludes the lemma. 0O

floy)

Fig. 4.8. The fluxes f and g in the case of Lemma 4.4.3

Lemma 4.4.4. Assume v¢ < 7}, 72 < 2. The Riemann problem (4.4.7)
admits a weak solution satisfying (R-1), (R-2) and (R-3) for every initial
condition if and only if vo < 4% < i <.
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Proof. The proof is given in the same way as in Lemma 4.4.3, since the situ-
ation is completely symmetric. O

Lemma 4.4.5. Assume v > ~i, 7% < ~¢. The Riemann problem (4.4.7)
admits a weak solution satisfying (R-1), (R-2) and (R-3) for every initial
condition if and only if v < ~% and vi < 7.

Proof. Assume first that 72 < ~% and 7} < ~¢. For every u; and u, define the
sets

A™(w) == {@ € [u},uj] : the wave (u;, @) has negative speed }
and

At (uy) = {@ € [u2,uf] : the wave (@, u,) has positive speed} .
We have that

[l € 9(A™(w)), 12, 7] S FAT (ur)),

for every u; and u,. By assumption

Ve, Ya NS0 # 0

and so it is possible to find u~ € A~ (u;) and ut € AT (u,) such that f(u™) =
g(u~). Hence the sufficient condition is proved.

Assume now that the Riemann problem (4.4.7) admits a weak solution
satisfying (R-1), (R-2) and (R-3) for every initial condition.

Suppose by contradiction that vi < ~2. If w; = u’, then v~ by (R-1)
satisfies g(u~) < ~¢ and so (R-3) can not be satisfied. Therefore v¢ > ~°.

Suppose now that v > 7. If u, = ug, then u' satisfies f(u™) < 7¢ and
so (R-3) can not be satisfied. Thus v} < 77 (see Figure 4.9) and the proof is
finished. O

The situation is summarized in Table 4.1.

Situation Conditions

Lva <y and 73 > | Ya = % = Y4 = 7 (Lemma 4.4.2)
2ve > v and v = v5| Yo < V5 < Yo < 7o (Lemma 4.4.3)
3[7a < v and ya < 75| Ya < Ya < Y <75 (Lemma 4.4.4)
4lve > 1 and 75 < Y5 |ve < 74 and v < vp (Lemma 4.4.5)

Table 4.1. Conditions in order the Riemann problem at junction admits at least
one weak solution satisfying (R-1), (R-2) and (R-3).
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i . o
Ug o4 UIZ) Ugq af Uy,

Fig. 4.9. The fluxes f and g in the case of Lemma 4.4.5

4.4.1 Construction of Riemann Solvers

Consider the Riemann problem at J (4.4.7). We restrict ourselves to the case
upy, =ul =0,y =uy =1and v, =, =v5 =, =0.

We introduce a definition of admissible Riemann solver which takes into
account conservation of the quantity u (thus also to have the traces taking
the boundary values) and some continuity conditions.

Definition 4.4.6. A Riemann solver for the Riemann problem (4.4.7)
Rs(ula UT) = (RSl (ulv uT’)a RSQ(ulv U'T’)) = (U_, ’U,+)

1s admissible if

(H1). g(u™) = f(u™);

(H2). the wave (u;,u™) has negative speed, while the wave (u™,u,) has positive
speed;

(H3). the function (ui,u,) — (g(u™), f(u™)) is continuous;

(H4). for every i such that the wave (@, RS1(u,u,)) has positive speed the fol-
lowing holds:

9(RS (@, ur)) € [min{g(RS (w,u,)), g(t)}, max{g(RS1 (u, ur)), g()}];
(4.4.8)
(H5). for every u such that the wave (RS2(uy,u,), %) has negative speed the
following holds:

f(RS>(w, @) € [min{ f((RS2(ur, ur)), f(a)}, max{f((RS2(u, ur)), f(@)}]-
(4.4.9)

Definition 4.4.7. A couple (uj,u,) is said an equilibrium if RS(ui, u,) =
(ur, uy).
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Let us now describe all admissible Riemann solvers for (4.4.7). We treat only
the case f(o¢) = g(oy), the others being similar.

There are some different possibilities:

1.y € [0g4,1] and u, € [0, o¢]; see Figure 4.10. Since the waves produced must
have negative speed in the incoming edge and positive speed in the outgoing
edge, then u™ € [0g,1] and u™ € [0,0¢]. By hypothesis (H3), there exists a
continuous function

I':[0,9(0q)] x [0, f(of)] —

0,9(0)] (4.4.10)

such that

of

.

0

q

g 1

Fig. 4.10. The region considered in case 1.

By (CC) of Definition 4.2.2 we deduce that, if a € Im I, then I'(a,a) = a
and so, every element of the image of I" is the flux of an equilibrium for the
Riemann problem. Conversely, if (u;,u,) is an equilibrium for the Riemann
problem, then

Fg(w), fur)) = flur) = g(w),
and so the image of I" coincides with the set X defined by

X :={s€[0,9(oq)] : (i, ur) € [04,1] %[0, 0] equilibrium, g(u;) = f(u,)=s}.
(4.4.11)
We have the following characterization of the set X.

Lemma 4.4.8. X is a closed, non empty and connected set. Thus X =
(Y1, Y2l, with 0 < 71 < 72 < g(oy)-

Proof. X is a connected set since it is the image of a connected set through a
continuous function. Moreover X is clearly non empty. Finally we take z € X
and a sequence a, — x such that a, € X for every n € N. We have:
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I'z,z) = lim I'(an,a,)= lim a,==z
n—-+4oo n—-+4oo

—~

and so x € X. O

From now on with 4; and %2 we denote respectively the minimum and
maximum of the set X.

2. u € [0,04] and u, € [0,0]; see Figure 4.11. Some different cases are
possible.

of

_

o
q

g 1

Fig. 4.11. The region considered in case 2.

a. g(u;) < 1. By (H2), u™ either is u; or belongs to [og, 1] and g(u™) < g(w).
The second possibility can not happen since otherwise g(u™) < 71, a
contradiction with (CC) of Definition 4.2.2, and so the solution is given
by (w,u™) with u™ € [0,0¢[, f(uT) = g(w).

b. g(u;) > ¥2. We claim that u~ € [o4,1] and g(u~) € X. Indeed, consider
the function

hu, (0,04 — [0,9(0g)]
u = g(u”)
giving the left flux of the solution to the Riemann problem with (u;,u,)
initial states. It is continuous by (H3). Therefore

lim A,

r—og

—~

7) = hu,(0g) < 72,

by the analysis of possibility 1. Thus there exists a small left neighborhood
V of o4 such that h,,.(r) < 72 for every r € V, otherwise, by (H2),
there exists a sequence r, — o, so that hy, (r,) = g(rn) = g(ro) > 2
contradicting the continuity of h,,.. Consider now the set

Y :={rel0,04

29(r) > Y2, h, (r) > 72}
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and suppose that Y # (). We define 5 := supY. The previous analysis
shows that
0<n<ag  F2<g(n)

and by continuity of h,,,

hur (77

~

= g(n) > Y.

Moreover
lim hy, (r) <%

r—mn

1)

)

a contradiction. Thus Y = () and the claim is proved.

c. 71 < g(u) < 2. In this case hy, (u) € [J1,72)- If Ay, (w) = g(w), then
the solution is given by (u;, u™), where ut € [0, 0] with f(ut) = g(w).
Otherwise, if h,,, (w;) < g(w;), then u™ € [o4, 1].

Remark 4.4.9. If 7 €31, 72| satisfies hy,, (u;) = 7 for (w;,u,) € [0,04[x][0,07]
with g(u;) = f(u,) =4, then condition (H4) implies that

hu, (1) = g(r)
for every r € [0, 04[ such that 1 < g(r) < 7.

3. u; € [0g4,1] and u, €]oy,1]; see Figure 4.12. This case is completely sym-
metric with respect to the previous one.

_

of

0

q

g 1

Fig. 4.12. The region considered in case 3.

4. u; € [0,04] and u, €]oy,1]; see Figure 4.13. We have some different cases.

a. min{g(w), f(ur)} < 1. Without loss of generalities we suppose that
g(w;) < f(ur). By (H2), u™ either is u; or u~ €log, 1] with g(u™) < g(w).



90

- < minfg(w), f(ur)}

4 Networks

_

of

=)
S

g 1

Fig. 4.13. The region considered in case 4.

Analogous u* either is u, or ut € [0,0¢] with f(u™) < f(u,). If
u~ €log, 1], then, by (H1), ut € [0,0[, but this is not an equilibrium.
Thus v~ = ug. If f(u,) = g(u), then u* = w, and the solution is (u;,u,.).
Otherwise if f(u,) > g(w), then u™ € [0,0f[, f(ut) = g(w) and the
solution is (ug, u™).

< 2. Without loss of generalities we suppose
g(w) < f(up). If g(w) < f(uy), then ut € [0,0f] and the case is com-
pletely identical to 2.c.
If g(u;) = f(u,), then by (H3) the solution is uniquely determined by the
previous case.

. min{g(u;), f(ur)} > 72. Without loss of generalities we suppose that

g(w) < flur). If g(w) < f(uy), then ut € [0,0¢[ by (H2) and also
u~ €log, 1] by 2.b.

If g(wi) = f(u,), then by (H3) the solution is uniquely determined by the
previous case.

Given an admissible Riemann solver at the vertex J, it is possible to define

an admissible weak solution to (4.4.5) and (4.4.6).

Definition 4.4.10. Fiz an admissible Riemann solver RS. Let u = (u1,us)
be such that w1 and us are of bounded variation for everyt > 0. Then u is an
admissible weak solution to (4.4.5) and (4.4.6) if

1. uq is a weak entropic solution to (4.4.5);
2. ug is a weak entropic solution to (4.4.6);
3. for almost every t = 0 the couple (uq(t,0—),us2(t,04)) is an equilibrium

for the Riemann solver RS.
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4.4.2 Case of X Singleton

This subsection is focused on the special case X = {7}. First we prove the
following:

Theorem 4.4.11. Consider an admissible Riemann Solver RS. Then for ev-
ery Riemann data (u;, u,.) there exists a unique centered weak entropic solution
if and only if X is a singleton.

Proof. Assume that there exist s; # so such that both s; belong to X. Con-
sider some Riemann data (u},u%) such that g(ul) = f(ul) = s;, ul € [0,4,1]
and ul € [0,0f]. The Riemann problem with initial data (u},u!) admits a
centered weak solution formed by the wave (uj,u?) on the incoming edge and
by the wave (u?,ul) on the outgoing edge. Since there is also the constant
solution, uniqueness is violated.

If, on the contrary, X is a singleton, uniqueness is obtained by assumptions

(H1)~(H5). 0

In this case, the Riemann solver is completely described by the following
possibilities.

1. u; € [0g4,1] and u, € [0,0¢]. In this case the solution to the Riemann
problem satisfies u~ € [o,,1], uT € [0,0¢] and g(u™) = f(u™) = 7.

2. w €10,04] and u, € [0, 0¢]. If g(u;) > 7, then the solution to the Riemann
problem satisfies u™ € [og,1], ut € [0,0¢] and g(u™) = f(u™) = 7.

If g(u;) < 7, then the solution to the Riemann problem satisfies u™ = vy,
ut €[0,0¢] and g(u™) = f(u™).

3. w € [0g4,1] and u, €|oy,1]. The situation is completely symmetric to the
previous case.

4. u; € [0,04] and u, €loy,1]. If min{g(u;), f(u,)} > 7, then the solution
to the Riemann problem satisfies u™ € [0y, 1], u™ € [0,04] and g(u™) =
flu®)=7.

If min{g(w;), f(u,)} < % and g(u;) = f(u,), then the solution to the
Riemann problem is (u;, u,).

If min{g(w), f(u,)} < % and g(w;) < f(ur), then the solution to the
Riemann problem satisfies v~ = w;, ut € [0y, 1] and g(u;) = f(u™).

If min{g(w), f(ur)} < 7 and g(w;) > f(u,), then the solution to the
Riemann problem satisfies v~ € [0y, 1], u™ = u, and g(u™) = f(u,).

Remark 4.4.12. 1f f(of) = g(og) and X = {g(o4)}, then the Riemann solver
is completely identical to that used in [27] and [1].

Remark 4.4.13. If there exists a unique u* €]0, 1[ such that f(u*) = g(u*) and
if X = {f(u*)}, then the Riemann solver is identical to that used in [69].
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4.4.3 Estimates of Flux Variation

In this section we estimate the total variation of the flux along an approximate
wave-front tracking solution. This is a key step to construct weak solution for
any initial data as shown in next Chapters.

Fix an approximate wave-front tracking solution u. The following lemma
shows that the total variation of the flux remains constant when a wave in-
teracts with J. This is due in particular by the properties (H4) and (H5) of
the definition of admissible Riemann solver.

Lemma 4.4.14. Consider the network composed by the incoming road I, the
outgoing one Iy and by the junction J. Fix an admissible Riemann solver RS
at J. If a wave interacts with J at time t, then

Tot. Var. [f(u(t+,)) + g(u(t+, )] = Tot. Var. [f(u(t—,")) + g(u(t—,))].
(4.4.12)

Proof. Fix an equilibrium (u;, u,). First suppose that a wave (u,u;) with
positive speed interacts with J from the incoming edge I;. We denote with
(u™,u™") the solution to the Riemann problem at J with the initial datum
(@, uy). We have

Tot.Var. [f(u(t+,-)) + g(u(t+, )] = |g ( (u*)|+\f(u+)—f(ur)}
= |g( g(u™ g(ul)}

= Tot.Var. [ (

where we used (H1) and (H4).

Suppose now that a wave (u,., ) with negative speed interacts with J from
the outgoing edge I. We denote with (u~,u™) the solution to the Riemann
problem at J with the initial datum (u;, @). We have

Tot.Var. [g(u(t+, ) + f(u(t+,))] = |g(w) — g(u™)| + | f(wF) - f(@)|
= |F(ur) = FH)]+[f(u™) = f(@)|
= |f(@) = f(ur)|

= Tot.Var. [ ( (t 7))‘*’9(“({_7'))]7

where we used (H1) and (H5).
This completes the proof. a

Theorem 4.4.15. Consider the network composed by the incoming road I,
the outgoing one Iy and by the junction J. Fix an admissible Riemann solver
RS at J. For every t > 0, it holds

Tot. Var.(f(u(t,))) < Tot. Var.(f(u(0+,-))). (4.4.13)
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Proof. By Lemma 4.4.14, we know that the total variation of the flux does not
change when a wave approaches the vertex J. If, instead, two waves interact in
a edge, then the total variation of the flux either remains constant or strictly
decreases. This completes the proof. a

4.5 Exercises

Exercise 4.5.1. Consider a scalar conservation law with flux function given

by:
p(1—p), if 0<p< sy,
flp)=1 1 if 1<p<l,
—pP+2p-%, if 1<p<d

Fix a junction and an initial datum pg € [0, 2] on an incoming road I;. Find all
possible values taken by a Riemann solver, respecting (Cons.1) and (Cons.2)
of Section 4.2, on I;.

Exercise 4.5.2. Consider a scalar conservation law satisfying (H) of Section
4.3.1, aroad I = [a,b] on a network and assume that the initial datum on I

is given by
0, if x<e¢,
po(x) = { .

Pmazx if x> ¢,

where ¢ €]a, b[. Determine how many big shocks may be present on I for any
positive time.

Exercise 4.5.3. Consider a 1-1 vertex as in Section 4.4.

Does it exist a Riemann solver satisfying (H1) and (H2) of Section 4.4.1 such
that the map (u;, u,) — RS(u;,u,) is continuous?

Does it exist a Riemann solver satisfying (H1) and (H2) of Section 4.4.1
and providing uniqueness of weak solutions such that the map (u;, u,) +—
RS(u, uy) is continuous?

Exercise 4.5.4. Consider a 1-1 vertex as in Section 4.4, but now a rich sys-
tem of conservation laws on each road. Find bounds on the number of waves
produced along a wave-front tracking approximate solution.

Exercise 4.5.5. Consider a 1-1 vertex as in Section 4.4, with the same as-
sumptions of Section 4.4.1. Assume that the set X, defined in (4.4.11), is a
singleton 7. Prove that if ¥ < min{g(c,), f(os)}, where o, and oy are de-
fined at the beginning of Section 4.4, then the total variation of the density
remains bounded along wave-front tracking approximate solutions (for initial
data with bounded variation).
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4.6 Open Problems

Problem 4.6.1. Prove existence of solutions on a network to a hyperbolic
system of conservation laws, which is not rich. More precisely, assume that it
exists a region D invariant for solutions to Riemann problems both on edges
and on vertices. Under what hypotheses is it possible to construct a sequence
of wave-front tracking approximate solutions converging to a weak entropic
solution?

Problem 4.6.2. Construct all possible Riemann solvers, analogous to those
of Section 4.4.1, in the general case of a vertex with n incoming and m outgoing
edges.
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Lighthill-Whitham-Richards Model on
Networks

This chapter deals with a road network, which is a network where each edge
and each vertex represents respectively an unidirectional road and a junction.
On each road we consider the Lighthill-Whitham-Richards model for traffic,
while at junctions we consider a Riemann solver satisfying the conservation
of cars (recall conditions Cons. of Section 4.2) and the following rules:

(A) there are some prescribed preferences of drivers, that is the traffic from
incoming roads is distributed on outgoing roads according to fixed coeffi-
cients;

(B) respecting (A), drivers choose so as to maximize fluxes.

In the case of junctions with 2 incoming roads and 1 outgoing one (or in

general with more incoming than outgoing roads), it is necessary to introduce
right of way parameters, which determine the priority among incoming roads.

5.1 Basic Definitions and Assumptions

Definition 5.1.1. A road network is a network, as in Definition 4.1.1, in
which the edges and the vertices represent respectively unidirectional roads
and junctions.

Fix a road network (Z, 7). On each road consider the equation

i+ f(p)e =0, (5.1.1)

where p = p(t,x) € [0, pmaz], (t,z) € Ry x R, is the density of cars, v is the
average speed and f(p) = v p is the fluz. We assume the following:

A]-) Pmaz = ]-

A2) the bpeed v depends only on the density p;
A3) the flux f is a strictly concave C? function;
A4)

(
(
(
(A4) f(0) = f(1) = 0.
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Notice that the previous assumptions (A3) and (A4) imply that f has a
unique point of maximum o €0, 1].

Remark 5.1.2. The regularity of the flux function can be relaxed. In fact, the
following analysis works for Lipschitz continuous functions.

Remark 5.1.3. The case of not strictly concave fluxes can be treated under
suitable assumptions. More precisely, the analysis can be carried out in the
same way if the analysis of Section 4.3.1, and in particular Proposition 4.3.3,
is still valid.

This happens, for instance, if assumptions (NSC1)—(NSC3) of Section 3.1.4
hold true.

At each junction J, it is given a traffic-distribution matrix, i.e a matrix
describing the distribution of the traffic among outgoing roads.

Definition 5.1.4. Fix a vertex J with n incoming edges, say I,...,I,, and
m outgoing edges, say Iny1, ..., Intm. A traffic distribution matriz A is given
by
anJrl,l et anJrl,n
A= : : : , (5.1.2)
Qntmi * Qnimm

where 0 < aj; < 1 for everyi € {1,...,n} and for every j € {n+1,...,n+m}

and
n+m

> =1 (5.1.3)

j=n+1

for every i € {1,...,n}.

Given a junction J and an incoming road I;, the i-th column of A describes
how the traffic from I; distributes in percentages to the outgoing roads. This
means that if C'is the quantity of traffic coming from road I; then «;;C traffic
moves towards roads I;.

Remark 5.1.5. One may also assume that the matrix A is time dependent. For
example in case of car traffic on an urban network, the preferences of drivers
may change depending on the period of the day.

We introduce a technical condition on matrix A. We say that the matrix
A satisfies hypothesis (C) if the following holds.

(C) Let {eq, ..., en} be the canonical basis of R and for every subset V' C R"™
indicate by V1 its orthogonal. Define for every i = 1,...,n, H; = {e;}*,
i.e. the coordinate hyperplane orthogonal to e; and, for every j = n +
L...,n+mlet, aj = (aj1,...,05,) € R" and define H; = {a;}*. Let K
be the set of indices k = (k1,...,k¢), 1 < ¢ < n — 1, such that 0 < k1 <
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‘
ky < -+ < ke <n+m and for every k € K set H, = (| Hg,. Letting

h=1
1=(1,...,1) € R", then for every k € K,

1¢ HE. (5.1.4)

Remark 5.1.6. Condition (C) is a technical condition, which is important to
isolate a unique solution to Riemann problems at junctions. From (C) we
immediately derive m > n. Otherwise, since by definition 1 = Z;Li::kl aj, we
get 1 € H,i-, where

Hy, = ﬁ;}:ﬁl H;.

In case m = n it is easy to check that condition (C) is generic in the space of
n X n matrices, which means that the set of matrices satisfying (C) is open
and dense.

Moreover if n > 2, then (C) implies that, for every j € {n+1,...,n+m} and
for every distinct elements ¢,i" € {1,...,n}, it holds «a;; # «; . Otherwise,
without loss of generalities, we may suppose that ap+11 = ant1,2. If we
consider

H = (Na<j<nHj) N Hpy1,

then, by (C), there exists an element (z1,22,0,...,0) € H such that x1 +x2 #
0 and apt1,1(z1 +22) =0.

In the case of a simple vertex J with 2 incoming edges and 2 outgoing
ones, the condition (C) is completely equivalent to the fact that, for every

je {3,4}, a1 75 Q2.

Remark 5.1.7. Notice that a distribution matrix A satisfying condition (C)
could have identical lines. For example

W= W= W=
NI = =
glw Gl ot

satisfies the condition (C).

Assume that each traffic-distribution matrix satisfies hypothesis (C).

Denote with p; : [0, +00[xI; — [0,1] the density of cars in the road I; of
the network. We want p; to be a weak entropic solution on I;, i.e. for every
function ¢ : [0, +00[xI; — R smooth with compact support on |0, +o00[x]a;,

+oo  pb; o P
e N _
/o /a (pl ot +f(pz)ax)dxdt 0, (5.1.5)

and for every k € R and every ¢ : [0,+o00[xI; — R smooth, positive with
compact support on ]0, +0o[x]a;, b;|
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+o0 >
/ / (100 = 192 + s (i~ W) (p0) — S SD Vatwdt > 0: (5.1.6)

see Chapter 2.
In the sequel, we are now ready to give the definitions of solution at junc-
tions and on the whole network.

Definition 5.1.8. Let J be a junction with incoming roads, say Iy,. ... I,, and
outgoing roads, say Inii,. .-, Intm- A weak solution at J is a collection of
functions p; : [0, +oo[x; = R, I =1,...,n+ m, such that

n+m +o0 b
([ (2 502wty 0. 1
=1 @

for every ¢, I = 1,...,n + m smooth having compact support in the set
10, +o00[x]a;, bi] for Il =1,...,n (incoming roads) and in ]0,+oo[X[a, b;| for
l=n+1,...,n4+m (outgoing roads), that are also smooth across the junction,
i.€.
i dp;
il bi) = @i(a5), (b)) = 8—;("%)
where i € {1,...,n} and j € {n+1,...,n+m}.
Lemma 5.1.9. Let p = (p1, - . ., pn+m) be a weak solution at the junction such

that each © — pi(t,x) has bounded variation. Then p satisfies the Rankine-
Hugoniot Condition at the junction J, namely

n n+m
D St bim) = D flpiltab)), (5.1.8)
i=1 j=n+1

for almost every t > 0.

Proof. The proof is similar to the proof of Theorem 2.2.5 Suppose for sim-
plicity that, for every [ € {1,...,n +m}, p; is constant on I;. Then (5.1.7)

implies that
n+m “+oo b
> / / div (o1, f(p1) 1) dadt = 0.
=1 /0 a

By applying the divergence theorem to the last expression and by using the
hypotheses on the functions ¢; we get

+00 n n+m
/0 (Z Flont, b)) = > f(pl(t7al))> p1(t, bi)dt =0
=1

l=n+1
and so N
Do fout b)) = D flulta)
=1 l=n+1

by the arbitrariness of the function ¢;. O
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Definition 5.1.10. Let p = (p1,. .., pnt+m) be such that p;(t,-) is of bounded
variation for every t = 0. Then p is an admissible weak solution of (5.1.1)
related to the matriz A at the junction J if and only if the following properties
hold:

(i) p is a weak solution at the junction J;

(i) f(p;(-a;+)) = ; 0 i (pi(-,bi=)), for each j = n+1,...n+m;

(i) zn: f(pi(-,0;—)) is mazimum subject to (i) and (ii).
i=1

Remark 5.1.11. The assumption (i) of the previous Definition is essentially
the conservation of car at junctions, as seen in Lemma 5.1.9 Assumptions (ii)
and (iii), instead, describe the rules (A) and (B), i.e. the preferences of drivers
and the maximization procedure.

Definition 5.1.12. Given p; : I; — R, ¢ = 1,..., N, L* functions, a col-
lection of functions p = (p1,...,pN), with p; : [0,4+00[xI; — R continuous
as functions from [0,+oo[ into Li, ., is an admissible solution if p; is a weak
entropic solution to (5.1.1) on I;, p;(0,x) = p;(x) a.e., at each junction p is a
weak solution and is an admissible weak solution in case of bounded variation.

Remark 5.1.13. According to Definition 4.1.1, for every road I; = [a;, b;] of
the network, we suppose that, if a; > —oo, then it is an incoming road for a
junction, while if b; < 400, then it is an outgoing road for a junction. Then a
solution for every time is determined just by initial data on the network.

In the general case, i.e. when there are roads with a; finite but not outgoing
for any junction (or b; finite but not incoming for any junction), we have to
assign also boundary data, in the sense of [2, 5, 15], and all next results hold
with obvious modifications.

5.2 The Riemann Problem at Junctions

In this section we construct step by step a particular Riemann solver at junc-
tions satisfying rules (A) and (B). We also construct a Riemann solver satis-
fying a precedence rule in the case of junctions with the number of outgoing
roads bigger than the number of incoming ones. We treat with special atten-
tion the case of junctions with one incoming road and two outgoing roads.
Consider a junction J with n incoming roads and m outgoing roads (see
Figure 5.1) and a distribution matrix A. For simplicity we indicate by

(t,x) € Ry x I; = pi(t,x) €[0,1], i=1,...,n, (5.2.9)
the densities of the cars on the roads with incoming traffic and

(t,z) € Ry x Ij — p;(t,z) €[0,1], j=n+1,..,n+m (5.2.10)
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those on the roads with outgoing traffic. Suppose that (p1,0,--.,Pntm.0) are
the initial densities in each road of the junction J. In this section, we consider
the function 7 of Definition 4.3.1

n+2

n+m

Fig. 5.1. a junction with n incoming roads and m outgoing roads.

5.2.1 The Casen <m

Assume that n < m, i.e. the number of outgoing roads is greater than or equal
to the number of incoming roads. The next theorem gives the unique Riemann
solver RS producing admissible weak solution to a Riemann problem at the
junction J satisfying rules (A) and (B).

Theorem 5.2.1. Consider a junction J, assume (A1)-(A4) and that the ma-
triz A satisfies condition (C). For every pi,o,. .., pntm,0 € [0,1], there exists
a unique admissible centered weak solution p = (p1,..., pPn+m) to (5.1.1) at
the junction J, in the sense of Definition 5.1.10, such that

p1(07 ) = pP1,05--- aﬂn+m(07 ) = Pn+m,0-

Moreover, there exists a unique (n—+m)—tuple (p1, ..., fntm) € [0, 1]"T™ such
that

N {pio}UlT(pio), 1], f0<pio<o, .
Pis {[071]7 if o < pio <1, i=1.m (5.2.11)
and
~ [0,0], ifogpj0<07 .
i € ; ’ =n+1,...,n+m, (5.2.12
Pi {{PJ,O} Ul0,7(pj0)l, ifo <pjo <1, J ( )

and for i € {1,...,n} the solution is given by the wave (pio,p;), while for
je{n+1,...,n+m} the solution is given by the wave (p;, p;.0)-

The next corollary is an easy consequence of the previous theorem.
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Corollary 5.2.2. Consider a junction J, assume (A1)-(A4) and that the ma-
triv A satisfies condition (C). There exists a unique Riemann solver RS com-
patible with Definition 5.1.10. Moreover, for every p1,0,...,pn+mo € [0,1],
the n + m-tuple (p1, ..., Pntm) = RS(p1,0,- -, Pntm,0) Satisfies (5.2.11) and
(5.2.12).

Proof of Theorem 5.2.1 Define the map

E:(,ym) ER"— > (5.2.13)

i=1

and the sets

*Qi L= [Oa’y;mar(pi,o)]7 1= 17"'7”7
Q5 :=[0,77""(pj0)], j=n+1,..,n+m, (5.2.14)

Qi={(v, ) € 21 x X QoA (1 ey ¥0) T € o1 X X L |

where the functions 7;"** and 7}"** are respectively defined in (4.3.3) and in
(4.34).

By Proposition 4.3.3, the sets (2;, {2; contain all the possible fluxes for the
solution to the Riemann problem at J. The set {2 is closed, convex and not
empty; see Figure 5.2.

max

Y2 ag171 + Q272 = Yy (p4,0)

mazx

72"* (p2,0) N

as, 171 + as2v2 = 757 (ps,0)

71

max

Y (p1,0)

Fig. 5.2. the set {2 for a simple junction J with 2 incoming and 2 outgoing roads.

Moreover, by (C), VE = 1 is not orthogonal to any nontrivial subspace
contained in a supporting hyperplane of {2, hence there exists a unique vector
(F1, -+, 9n) € 2 such that

ERA, - ) = max  E(y1,...,%n)-
(Y150+5Tn) ER

For every i € {1,...,n}, we choose p; € [0, 1] such that
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AN A P {pi,O}U]T(pLO)a 1]3 if 0 < Pi,0 < g,
f(pl) = Yi, pz S { [0_, 1], lf o < pi,O g 1.

By (A3) and (A4), p; exists and is unique. Let
n
i=1

and p; € [0,1] be such that

~ ~ ~ [0,0’], if()épjoga,
N =As, . . s
JPi) =% Ps { {pjor U0, 7(pjo)l, ifo<pjo<l

Since (Y1, ...,%n) € §2, p; exists and is unique for every j € {n+1,...,n+m}.
Solving the Riemann Problem (see Chapter 2) on each road, the claim is
proved. U

Ezample 5.2.3. Fix a junction J with 2 incoming roads I; and I and with 2
outgoing roads I3 and Iy. Assume that the distribution matrix A for J takes

the form
Ao ( )

Consider the initial data (p1,0, 02,0, 03,0, 04,0) such that

W Wl
[EN[SUINE

0<pro<o, o<po<l, 0<p3zo<o, o<pgo<lI,

Flpro) = flpao) = 35,

and suppose that f(c) = 1. Using the same notation of the proof of Theo-
rem 5.2.1 we get

1
_:| ) 02293:[071]7

(21:(242{0,2

where the sets (2; describes the possible values for the fluxes in each road of
the junction. The set

2 ={(n,72) € 1 X Q|A- (11,72)" € 25 x 2}

is described in Figure 5.3.
The solution for the fluxes is given by

1221
2°9°9°2)"

and so
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Y2

mazx

2 (p2,0)

= ag171 + as272 =74 " (pa,0)

Y1

max

1 (p1,0)
Fig. 5.3. the set (2 of Example 5.2.3

. . R 2
p1=pio, p2>0, f(p2)= 9’
R . 2

p3 <o, f(p3)= g0 Pa=rpao

The solution to the Riemann problem at .J is completely determined.

Remark 5.2.4. Notice that the case of junction with two incoming roads and
one outgoing road or, more generally, the case on n incoming roads and one
outgoing road is not covered by the previous theorem.

Remark 5.2.5. Notice that in the proof of Theorem 5.2.1, a solution to the Rie-
mann problem is obtained solving a Linear Programming (briefly LP) problem

on the incoming fluxes. More precisely, we find ¥ = (%1,...,%n) as solution
to:
max  E(9)
5
e XX (5.2.15)

AT e Qi X X

where E is defined in (5.2.13) and the sets (2; and (2; in (5.2.14). Condition
(C) is precisely the necessary condition to have uniqueness of a solution to
(5.2.15).

5.2.2 The Case of n > 2 Incoming Roads and m = 1 Outgoing
Road

Condition (C) on A can not hold for crossings with n incoming roads and one
outgoing road. We thus introduce some further parameters whose meaning is
the following. When not all cars can go through the junction, there is a yielding
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rule that describes the percentage of cars crossing the junction, which comes
from a particular incoming road.

Consider first the case n = 2. To treat this case we fix a right of way
parameter ¢ €]0, 1] and assign the rule:

(P) Assume that not all cars can enter the outgoing road and let C' be the
amount that can do it. Then ¢qC cars come from first incoming road and
(1 — q)C cars from the second.

Let us fix a crossing with two incoming roads [a;,b;], ¢ = 1,2, and one
outgoing road [as, b3] and assume that a right of way parameter ¢ €]0,1][ is
given. Then the solution to the Riemann problem (p1,0, p2.0,p3,0) is formed
by a single wave on each road connecting the initial states to (p1, 2, p3)
determined in the following way.

Since we want to maximize going through traffic we set:

max max

Y3 = min{1" " (p1,0) + 75" (p2,0), 73" (p3.0)}, (5.2.16)
where the functions v/"** are defined in (4.3.3) and in (4.3.4). Consider the

2

space (v1,72) and the line:

7. (5.2.17)

Notice that the line is exactly the locus of points satisfying exactly rule (P).
Define P to be the point of intersection of the line (5.2.17) with the line
Y1 + v2 = 93. Recall that the final fluxes should belong to the region

2={(m1,72): 0 <5 <" *(pi0),0 <y1 +v2 < A3}

We distinguish two cases:

a) P belongs to (2,
b) P is outside (2.

In the first case we set (41,%2) = P, while in the second we set (y1,42) = @,
where @ is the point of the segment 2 N {(y1,72) : 71 + ¥2 = 43} closest to
the line (5.2.17). We show in Figure 5.4 the two cases.

Y1+ v2 =73 (p3,0)

V2 Y2

5" " (p2,0) \\ Y5 " (p2,0)

71

max

1 (p1,0)

Fig. 5.4. The cases a) and b).
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Remark 5.2.6. Note that in the second case b) it is not possible to respect in
an exact way the rule (P) if we want also to maximize the flux. So the point
Q is the point that approximates better the rule (P) in the set of points that
maximize the sum of the fluxes.

Once we have determined 4; and 45 (hence also 43) we can determine in
a unique way p; (i € {1,2,3}). Therefore the following theorem holds.

Theorem 5.2.7. Consider a junction J with n = 2 incoming roads and m =
1 outgoing road, assume (A1)-(A4) and fix the right of way parameter q €
10, 1[. For every pi,0, p2,0, 3,0 € [0, 1], there exists a unique admissible centered
weak solution p = (p1,p2,ps) to (5.1.1) at the junction J, in the sense of
Definition 5.1.10, satisfying rule (P) (possibly in a approzimate way) such
that

p1(0,°) = p1,0, p2(0,°) = p2,0, p3(0,-) = p3.o.

Moreover, there exists a unique 3—tuple (p1, p2, p3) € [0,1]3 such that

- [ApiotUT(pio) 1], if 0 < pio < o, C
o { 0.1], Jo<po<t - bE o 02B)
" 0.0 /
PN 070 ) if 0 < P3,0 < g,
S ; ’ 5.2.19
& {{/33,0} U[0,7(p30)[, if o < p3o <1, ( )

and for i € {1,2} the solution is given by the wave (p;o0,p:), while for the
outgoing road the solution is given by the wave (ps, ps,o)-

Corollary 5.2.8. Consider a junction J with n = 2 incoming roads and m =
1 outgoing road, assume (A1)-(A4) and fix the right of way parameter q €]0, 1].
Then there exists a unique Riemann solver RS, compatible with Definition
5.1.10 and rule (P). Moreover, for every pio,p2.0,p30 € [0,1], the 3-tuple
(p1,p1,p1) = RS(p1,0, p2,0, p3,0) satisfies (5.2.18) and (5.2.19).

We briefly describe now the case of a junction J with n > 2 incoming
roads and m = 1 outgoing road. Fix n — 1 positive parameters q1,...,¢n—1
and consider the line 7 in R™, given by

Tn = 4171,
: (5.2.20)
Yn = gn—-17Yn—1-
Then the solution to the Riemann problem with initial conditions given by
(P1,0,- -+ Pn0s Pnt1,0) is formed by waves connecting the initial states to
(A1, -+, Pny Pn+1), determined in the following way. As in the previous case,
define

Ant1 = min {47 (p1,0) + -+ (Pn,0), Vet (Pnt1,0) } (5.2.21)
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where the functions /*** are defined in (4.3.3) and in (4.3.4). Define the

T
closed and convex set K in R"™

max

{(nsom) i+ =g, 0<% <" (pio), i =1, n}

(5.2.22)
Consider the unique point (¥1,...,%,) € K which minimizes the distance
from the point P € r, where P is the intersection between the line r and the
hyperplane

'Yl++'}/n :’A)/n—i-l-

Finally imposing f(p;) =% (I =1,...,n,n+ 1), we obtain the trace of the
solution to the Riemann problem at the junction.

5.2.3 Demand-Supply of Lebacque

An interesting point of view is that of Demand-Supply introduced by J.P.
Lebacque.
We can define the demand function as

fp),  ifpeo,al
D“*:{ﬂg, it p clo 1),

and the supply function as

_ f(J), if pe [0,0’],
“”‘{fw, if p clor 1],

The demand function measures the maximum flux that an incoming road
may demand to send, while the supply function measures the maximum flux
that an outgoing road may supply space for. Reasoning on demand-supply
functions, it is possible to define various Riemann solvers, for example that
respecting rules (A) and (B). In this case one would choose the maximum
demands respecting rule (A).

The connection between the two theory is clarified by the following formu-
las. Fix a junction J, with n incoming and m outgoing road, and a Riemann
data (p1,0y---,Pn+m,0)- Then, for every incoming road I;, i = 1,...,n, one
has:

D(pio) =7""*

and for every outgoing road I;, j =n+1,...,n+ m:

S(pjo) =]

5.3 Estimates on Flux Variation and Existence of
Solutions

This section is devoted to construct solutions to the Cauchy problem. This is
achieved by estimating the number of waves and interactions, and the total
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variation of the flux along an approximate wave front tracking solution. From
now on, we assume that

(H1) every junction has exactly two incoming roads and two outgoing ones.

This hypothesis is crucial, because, as shown in Section 5.6, the presence of
more complicate junctions provokes additional increases of the total variation
of the flux. So, for each junction J, the distributional matrix A takes the form

_( « B
(), .
where «, 3 €]0,1[ and «a # 3, so that (C) is satisfied.

Remark 5.3.1. We prove all the next estimates in the case of a junction with
2 incoming roads and 2 outgoing ones. However it is possible to extend the
results to the following cases.

1. Junctions with 2 incoming roads and 1 outgoing one.
2. Junctions with 1 incoming road and 2 outgoing ones.
3. Junctions with 1 incoming road and 1 outgoing one.

5.3.1 Estimates on the Number of Waves and Interactions

We now prove that assumption (H*) of Section 4.3.1 holds for junctions with
two incoming and two outgoing roads. Recall the definitions and results of
Section 4.3.1.

From now on we fix an approximate wave front tracking solution p, defined
on the road network. We fist need some notation.

Definition 5.3.2. For every road I;, it =1,..., N, we indicate by
(0. 0%), 0€O0=0(pti), O finite set,

the discontinuities on road I; at time t, and by 2°(t), \°(t), 0 € O, respectively
their positions and velocities at time t. We also refer to the wave 0 to indicate
the discontinuity (p?_, pf.). )

For each discontinuity (p? ,p%) at time t on road I;, we call y°(t), t €
[t,te], the trace of the wave so defined. We start with y°(t) = 2%(t) and we
continue up to the first interaction with another wave or a junction. If at time
t an interaction with a wave or a junction occurs, then either a single new
wave (pe_,pi) on road I; is produced or no wave is produced. In the latter case
we set tg = t, otherwise we set y?(t) = x%(t) and follow x%(t) for t > t° up to
next interaction and so on; see Figure 5.5.

Definition 5.3.3. Fiz a junction J and let (p1,0,...,pa,0) be an equilibrium
at J. We say that road I; is an active constraint if f(pio) = V""" (pi,0). This

precisely means that the constraint 4; = v*(p;0) is an active constraint for

the LP problem (5.2.15).
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a; b;

Fig. 5.5. The trace of a wave y° on a road.

Using the results in the appendix, we can bound the number of waves along
a wave-front tracking approximate solution for the Riemann solver described
in Section 5.2 and a network formed by a single junction J. More precisely,
we can prove condition (H*) of Section 4.3.1. Then applying Theorem 4.3.9,
the bounds on number of waves and interactions are granted. We first need
to introduce an appropriate functional.

Definition 5.3.4. Fiz a network formed by a single junction J and a wave-
front tracking approzimate solution p.

We say that a wave 6 of p(0) is an initial datum wave. The wave 6 remains an
initial datum wave if it interacts only with waves of the initial datum (and not
with the junction). We indicate by ID(t) the number of initial datum waves
in p(t).

For every t > 0, we say that a wave 0 of p(t) is a GG-wave if:

(GG.1) 0 is not an initial datum wave,
(GG.2) 0 is on an outgoing road,
(GG.3) p? (t) and p% (t) are good data,
(GG.4) F(p2 (1) > f(PLL(t).

We indicate by GG(t) the number of GG~waves in p(t).
For every t > 0, we say that a wave 0 of p(t) is a BS-wave if:

(BS.1) 6 is not an initial datum wave,

(BS.2) 0 is on an outgoing road,

(BS.3) p? (t) is a good datum and p% (t) is a bad datum,
(BS.4) f(p%.(t)) > F(pY.(t), so the wave has negative speed.

We indicate by BS(t) the number of BS-waves in p(t).
Finally we define the functional:
N(p(t)) =5-1D(t)+2-GG(t) + BS(t).

Remark 5.3.5. Note that every GG-wave is a rarefaction wave in an outgoing
road with positive velocity, while every BS-wave is a big shock wave in an
outgoing road with negative velocity.
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Proposition 5.3.6. Consider a network formed by a single junction J with
two incoming and two outgoing roads and the Riemann solver RS ; defined in
Section 5.2. Then (H*) of Section 4.3.1 holds true.

Proof. By definition N(p(0)) is bounded by 5 - M, where M is the number
of waves in p(0). Then, by Proposition A.1.5, there exist a finite sequence of
times 0 < ¢1 < to < t5p7 such that i) or ii) of Proposition A.1.5 occurs.

We claim that on each interval |t;, t;11] (letting t5p741 = +00) there are at
most two interactions with the junction, thus at most 8 waves are produced by
the junction. By definition, the only types of interactions which may happen
on such interval are:

a) two waves, not of initial datum, interact on a road,
b) a wave, not of initial datum or of type BS, interacts with the junction.

Clearly at each interaction of type a) the number of waves decreases. An
interaction of type b) may occur only if a big shock with positive velocity
interacts from an incoming road, say I;. In this case, at most 4 waves are
produced on the various roads. If no other interaction occurs, we are finished,
otherwise there is a big shock interacting from road I> and producing at most
4 waves. If this happens, either a big shock with negative velocity or no wave
is generated on road I;. Since i) does not happen, the big shock on road Iy
has no more interactions, thus no other wave interacts with the junction.
Then the number of waves produced by the junction is bounded by 4-5M +
8- (5M + 1) and the number of interactions with the junction is bounded by
S5M+2-(5M +1). O

5.3.2 Estimates on Flux Total Variation

From now on we fix an approximate wave front tracking solution p, defined
on the road network.

The following fundamental lemma holds. For a proof see the appendix of
this Chapter.

Lemma 5.3.7. Consider a road network (Z,J). For some K > 0, we have

Tot. Var.(f (p(t+,-))) < Xt Tot. Var.(f(p(0+,-)))
for each t > 0.

Definition 5.3.8. Consider a road network (Z,J) and consider an approxi-
mate wave front tracking solution p. For every road I;, we define two curves
YP(t), Y)P(t), called Boundary of External Flux, briefly BEF, in the follow-

ing way. We set the initial condition Y (0) = a;, Y27(0) = b; (if a; = —o0,
then Y = —oo and if b; = +oo, then Yf_’p = +00). We let YP(t) fol-
low the generalized characteristic as defined in [40], letting Yi’p(t) = a;
(resp. Yi’p(t) =b;) if the generalized characteristic reaches the boundary and
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F(p(t,as)) < 0 (resp. f'(p(t,b;)) > 0). (In this way Y (t) may coincide
with a; or b; for some time intervals). Let t be the first time t such that

Y (1) = YP(F) (possibly t = +oc), then we let Y be defined on [0,1].
Finally, we define the sets

Di(p) = {(t.a) st € [0,0): Y20 (1) < <Y} (1)},

and
D5(p) = [0, +00) x [as, bi] \ Di(p)-
Do

Yy

D
Dy | Y-

a; b
1

Fig. 5.6. the curves of boundary of external flux.

Clearly Y7 (t) bound the set on which the datum is not influenced by the
other roads through the junctions; see Figure 5.6.

Lemma 5.3.9. For every t > 0, there exist at most two big waves on

{z:(t,z) € Di(p)} C [as,bi.

Proof. A big wave can originate at time ¢ on road I; from J only if road I;
has a bad datum at J at time ¢. If this happens, then road I; has not a bad
datum at J up to the time in which a big wave is absorbed from I;. Then we
reach the conclusion. 0O

We are able to state and prove the main result.

Theorem 5.3.10. Fiz a road network (Z,J). Given C >0 and T > 0, there
exists an admissible solution defined on [0,T] for every initial data p € cl{p:
TV (p) < C}, where cl indicates the closure in Li, .
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Proof. We fix a sequence of initial data p, piecewise constant such that
TV (p,) < C for every v > 0 and p, — p in L}, as v — 4oo. For each
p, we consider an approximate wave front tracking solution p, such that
pv(0,2) = p,(x) and rarefactions are split in rarefaction shocks of size 1.

For every road I;, we notice that on Dj(p,), p, is not influenced by other
roads and so the estimates of [19] hold. Since the curves Y"** are uniformly
Lipschitz continuous, they converge, up to a subsequence, to a limit curve and
hence the regions Di(p,) “converge” to a limit region Di. Then p, — p in
L;,. on D} with p admissible solution to the Cauchy problem.

On Dj := [0, +oo[x[a;, b;]\ D, we have that, up to a subsequence, p, —* p
weak* on L' and, using Lemma 5.3.7 and Theorem 2.5.4 f(p,) — f in L' for
some f. By Lemma 5.3.9, there are at most two big waves on D} for every
time, hence, splitting the domain D} in a finite number of pieces where we
can invert the function f, getting p, — f~1(f) in L'. Together with p, —* p
weak* on L', we conclude that p, — p strongly in L!.

The other requirements of the definition of admissible solution are clearly
satisfied. O

5.4 Lipschitz Continuous Dependence

In this section we again assume (H1) and for every junctions we follow the
notation (5.3.23). We present a counterexample to the Lipschitz continuous
dependence by initial data with respect to the L'-norm. The continuous de-
pendence by initial data with respect the L'-norm remains an open problem.
The counterexample is constructed using shifts of waves as in the spirit of
Section 2.7, to which we refer the reader for general theory.

We show that, for every C' > 0, it is possible to choose two piecewise
constant initial data, which are exactly the same except for a shift £ of a
discontinuity, such that the L'-distance of the two corresponding solutions
increases by the multiplicative factor C. Obviously, the L!'-distance of the
initial data is finite and given by |£ Ap|, where £ is the shift and Ap is the
jump across the corresponding discontinuity. From now on, we consider a
junction J, a distributional matrix A satisfying condition (C) in the form
(5.3.23), with I, I as incoming roads and I3, I4 as outgoing ones. Moreover
we assume « < [3.

First we need some technical lemmas.

Lemma 5.4.1. Let us consider a junction J with incoming roads Iy and Iy
and outgoing roads Is and Iy. If a wave on a road I; (i € {1,...,4}) interacts
with J without producing waves in the same road I; and if & is the shift of the
wave in I;, then the shift £; produced in a different road I; (5 € {1,...,4}\{i})
satisfies:

A~y _
(ot 07). (5.421)

§iloj —ry) =



112 5 Lighthill-Whitham-Richards Model on Networks

where Ay, (1 € {i,j}) represents the variation of the flux in the road I} and
P s ler (1 € {i,j}) are the states at J in the road I; respectively before and
after the interaction.

Proof. For simplicity let us consider the case i = 1 and j = 3, the other
cases being completely similar. Applying the shift & to the wave (pf, 1),
the interaction of the wave with J is shifted in time by
P el N e s
Floi) = flpr) Ay

The shift in time in I3 must be the same and so

pi =P, s
&1 =

Am T Ay

which concludes the lemma. O

Remark 5.4.2. Tt is easy to understand that the coefficient of multiplication
Ary;/Av; in the previous Lemma depends by the entries of the matrix A. For
example, under the same hypotheses of the previous lemma, if a wave in the
I road interacts with J producing a variation of the flux Avy; and if no wave
is produced in I; and Is, then

Az = aly, Avy = (1 — o)A
Consequently in this case

Ay _ 0 BAn_
A’}/l ’ A’}/l

The following lemma is the first step in order to show that the Lipschitz
dependence by initial data does not hold in our setting. More precisely, we
show that there exists a simple configuration of waves and of shifts, which,
after some interactions with J, produces an increase of the L!-distance, going
to a similar configuration.

Lemma 5.4.3. There exists an initial datum given by (p1,0, 02,05 £3.0, £4,0),
that is an equilibrium configuration at J, a wave (p2, p2,0) on road I, waves
(p3,0, p3) with shift &30 and (%, p3) on road Is such that the followings happen
in chronological order:

. the initial distance in L' is &30 |ps.0 — p3l;

. the wave (ps,0, p5) in Is with shift &0 interacts with J;

. waves are produced only in Iy and Iy;

. the wave on road Iy interacts with (pz, p2.0) producing a new wave;
. the new wave from road 15 interacts with J;

. waves are produced only in I3 and Iy;

D A o~
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7. the new wave on I3 interacts with (p3, p3);
8. in Iy the L'-distance after the interactions, is equal to

2% 1€3,0 (P53 — p3,0) 5

and the L'~distance on road I3 is equal to &30 |ps0 — pj-
Proof. Let (p1,0, 02,0, 03,0, P4,0) be an equilibrium configuration in J such that
0<p1,0<0, 0<p2,0<0, 0<p3,0<0, 0<p4,0<0.

In road I3, we consider a wave with negative speed (ps.0, p5) with shift &3 .
Since (ps,0, p5) has negative speed, then p% > 7(ps,0). Initially the L'-distance
of the two solutions is given by [€3.0(p3,0 — p3)|. When this wave interacts with
J, new waves are produced in I, and I4. It is possible, since a < 8. Therefore
the new solution to the Riemann problem at J is given by

(pl,Oa ﬁ27ﬁ35 ﬁ4) 5

where 7(p2,0) < p2 < 1,0 < pa < pao. Moreover some shifts fg and 54 are
produced in roads I and Iy respectively, where obviously & has the same
sign of {3 ¢ while & has opposite sign. By Lemma 5.4.1, we have

&2(p2 — p2,0) = 5E.0(03 — p3,0),

€a(pa — pao) = F2&.0(05 — ps.0)-

If 0 < po < 7(p2), then the wave (p2, p2,0) in the road Iy with shift & =0
interacts with the wave (p2 o, p2) producing a wave (pz, p2) with positive speed
and with shift &. In this case:

. . 1 .

§2(p2 — p2) = &2(p2 — p2,0) = 553,0(93 —3,0)-

Then, after the interaction of the wave (p2, p2) with J, the new solution of
the Riemann problem at J is given by

(pl,Oa 527ﬁ35 54) )

where 0 < p3 < 7(p3) and 0 < py < p4. So in the roads Is and Iy new shifts
& and &, are created, where:

{53@3 — p3) = Ba(p2 — p2) = &s,0(p% — p3.0),
€1(ps— pa) = (1 — B)&a(p — p2) = %53,0(/% — 03,0)-

Now, if 7(p3) < ps < 1, then the wave (p}, p3) with shift {5 = 0 interacts in
I3 with the wave (p3, p3) producing a wave (p3, p3) with negative speed and
with shift £5 such that
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§3(p3 — p3) = &3(p3 — p3) = &3.0(p3 — P3.0)-

If the two waves on road Iy do non interact, and this happens choosing ap-
propriately the position of waves, then in the road I the L'-distance is
1-p

27 1€3.0(03 — p3.0)] 5

and so the lemma is proved. O

Applying repeatedly Lemma 5.4.3, we produce a counterexample to the
Lipschitz continuous dependence by initial data as the next proposition shows.

Proposition 5.4.4. Let C' > 0, J be a junction and let (p1,0,...,pa,0) be an
equilibrium configuration as in Lemma 5.4.3. There exist two piecewise con-
stant initial data satisfying the equilibrium configuration at J such that the
L'-distance between the corresponding two solutions increases by the multipli-
cation factor C.

Proof. Let n be big enough so that
1-— ﬁ)
14 2n > C.
(1205

We want to define an initial data that provides the desired increase. We choose
p% and two finite sequences (), (7%), ¢ = 1,...,n, so that, letting g4, p% be
the states determined as in Lemma 5.4.3, we have:

It is easy to check that these sequences can be defined by induction.
The piecewise constant initial data in I3 is given by

£3.0, if0 <z <a*,
P3, if o* <z <2y,
,{311)), if T <xz< ij,
IR if 2, <z,
where the values z*, Z,...,&, are to be determined in the sequel. If &3

denotes the shift of the wave (ps.0, p5) and if no more shifts are present, then
the L'~distance of initial data is given by

1€3.0] (P53 — P3,0) -

The initial data on I is
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02,0, ifz; <x <0,
pg, iff?2<$<3~31,
Py, itz <z,
)
where Z1,...,Z, are to be chosen appropriately.

The speed of the wave (ps3 0, p5) is given by the Rankine-Hugoniot condi-

tion .
f(p30) — f(p3)
p3,0 — P35 ’

and consequently the time needed to go to the junction J is

(/33,0 — P§) x”
f(p30) — f(p3)

Clearly we adjust T, choosing z*. Applying n times Lemma 5.4.3 and adjusting
the interaction times by choosing appropriately Z;, Z;, ¢ € {1,...,n}, we can
create 2n waves on road I4 that do not interact together before the end of
these n cycles and so we deduce that, at the end, the L'-distance of the two
solutions is given by

T=-

<1 + 2n1 ;ﬂ> 1€3,0(p3 — p3.0)| 5

which concludes the proof. O

Remark 5.4.5. The process described in the proof of Proposition 5.4.4 cannot
be infinitely repeated. In fact, the sequences p5, p4 are monotonic and so

. . =1
ﬁ?‘l — Py~ %i as n goes to infinity. Then the corresponding shifts on I3 tend

to infinity, letting waves interact with each other on road Iy. Therefore, with
this method, it is not possible to produce a blow-up of the L!-distance in
finite time.

5.5 Time Dependent Traffic

Let us consider a model of traffic including traffic lights and time dependent
traffic. The latter means that the choice of drivers at junctions may depend
on the period of the day, for instance during the morning the traffic flows
towards some specific parts of the network and during the evening it may flow
back. This means that the matrix A may depend on time ¢.

Consider a single junction J with two incoming roads I, I3 and two outgo-
ing ones I3 and Iy. Let o = a(t), 8 = B(t) be two piecewise constant functions
such that
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O<alt)<1l, 0<pBl)<1,  aft)#p(), (5.5.25)

for each t > 0. Moreover let x1 = x1(t),x2 = x2(t) be piecewise constant
maps such that

x1(t) + xa(t) = 1, xi(t) € {Ov 1}7 i=1,2,

for each t > 0. The two maps represent traffic lights, the value 0 corresponding
to red light and the value 1 to green light.

Definition 5.5.1. Consider p = (p1, ..., pa) with bounded variation. We say
that p is an admissible solution at the junction J if

1. p is a weak solution at the junction J;

2. f(ps(t, as+)) = a(t)x1(t) f(pr(t, br1=)) + B()x2(t) f (p2(t, ba—)) for almost
every t > 0;

3. f(pa(t;ast)) = (1 = a(t)x1(t) f(pr(t, 01=)) + (1 = B(E))x2 () f (p2(t, b))
for almost every t > 0;

4. flp1(t,b1—)) + f(p2(t,b2—)) is mazimum for almost every t > 0.

The construction of the solution can be done as in Section 5.3. However,
the total variation of f(p) does not depend continuously on the total variation
of the maps «(-), B(:). Indeed, let us suppose that there are no traffic lights,
ie. x; =1, and let

1 _
where 0 < 72 < m < 3 and 0 < ¢ < T. Consider (p1,0, p2,0, £3,0, P4,0), aS

initial data where

F(pr0) = F(pao) = £(0), ﬂmmszmolemfwm

and
U<p2’0<1, 0<p3,0<0.

This is an equilibrium configuration and hence the solution of the Riemann
problem for 0 < ¢ < . At time ¢ = £ we have to solve a new Riemann problem.
Let (p1, p2, p3, Pa) be the new solution. We have:

Tp2) = 1) = £(0), (1) = f(h) = 12T (0)

Now, if 71 — 12, then
Tot.Var. (; [0,7]) — 0, Tot.Var.(3;[0,T]) — 0,

but
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(F(or0), f(pg,o))—><f(o), 1z f<a>),

1—m2

and

L—mp2
hence Tot.Var.(f(p); [0,7]) is bounded away from zero.

(1), (52)) — ( " ry), f<a>) ,

5.6 Total Variation of the Fluxes

Let J be a junction with 3 incoming roads and 3 outgoing ones. We show,
with an example, that the total variation of the flux may increase if a wave
arrives to J from an incoming road. Let us suppose that the matrix A is given
by

1 1 1
27¢ 3 3

A= % 3 s+e, (5.6.26)
$4+e 0 f-c¢

with € > 0. Notice that the matrix A satisfies condition (C) for every ¢ > 0
small enough.
Let us choose p1, p1,0,---, p6,0 € [0,1] such that

P1,0 = P4,0 = P5,0 = O, o< p2o <1, o < p3o0<l,
0<p670<0, 0<p <o,

1 + 36¢ + 36¢> 1—6¢ 1 (1 — 6¢)?
3(1+62) s f(p3o) = 1+6€7f(,06,0)— +e+ )

fp2,0) =
Assuming that f(o) =1, (p1,0,---, pP6,0) is an equilibrium configuration and p
given by

P1, if ¢ < xq, pi(o")fm,o, 1=2,...,6,

i <z <
p1(07x):{p1,07 lfxl\m\bl,
is a solution (see Figure 5.7). Moreover the point (f(p1,0),f(p2,0), f(p3,0)) is
given by the intersection of the planes

L +1 +1 =1 ! +1 + 1+ =1 =1
B elm 2’72 373— ) 371 272 5 €lv3 =1 7 =1L

At some time, say t, the wave (p1,p1,0) interacts with the junction. Let
(p1, .- po) be the solution of the Riemann problem at the junction for the
data (p1, p2,0,---» p6,0). If f(p1) is sufficiently near to 1, then we have:
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~ “ _ 2
f(p1) = Flpr), f(p2) =2 — 5536y f (1),
F(p3) = 5= f(p1),  f(pa) = f(ps) =1,

Flpe) = 225 (o).

Therefore
Tot.Var. (f(p(f—.-)) = 1 - f(p),

and

3(1—2¢)

Tot.Var.(f(P({‘f'a ))) - + 6e

(1= f(p1)) > 2Tot.Var.(f(p(t—,))).

\ £6,0
P1

P5,0

P4,0

P2,0
P3,0

Fig. 5.7. Configuration at J.

5.7 Total Variation of the Densities

Consider a junction J with two incoming roads and two outgoing ones that
we parameterize with the intervals | — 0o, b1], | — 00, bs], [as, +00], [as, +00[
respectively. We suppose that 0 < 5 < a < 1/2, where o and 3 are the entries
of the matrix A as in (5.3.23).

Define a solution p by

_fpro,  ifx <z <oy, _
p1(07x) - {pl» ifr < 1, pQ(O,J?) = P2,0,
p3(0,x) = p3o, pa(0,2) = pao, (5.7.27)

where p1, p1,0, P2,0, P3,0, P4,0 are constants such that

o< p2o< 1, o< P30 < 1, 0< p1 <0, pP1,0=pP4,0 =0, (5.7.28)
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Fpro) = flpso) = f(0), Fp20) = Flpso) = 7=5/ (@),

50 (p1,0, P2,0, P3,0, P4,0) is an equilibrium configuration.

After some time the wave (p1,p1,0) interacts with the junction. Denote
with (p1, P2, ps3, pa) the solution to the Riemann problem at the junction when
the initial datum is (p1, p2,0, £3,0, P4,0); see Figure 5.8. By (5.7.27) and (5.7.28),

flo) = (A = a)f(p1)

f(p1) = f(p1), f(p2) =

1-0 ’
f(p) = S L 1o + 2550 £ = f0),
and
0<p3s<o<pr <Ll (5.7.29)
Y2 Loam + az2y2 = f(ps3,0)
f(o)
(I —a)y + @1 —az)y2 = f(o)
flpr)  f(0) o

Fig. 5.8. Solution to the Riemann problem at .J.

Therefore, if p; — p1,0 = 0, then

«

F(ps) — 7 _ﬁf(U) = f(ps.0),

and, by (5.7.29), (5.7.28), we have p3 — T(p3,0). Then, we are able to create
on the third road a wave with strength bounded away from zero using an
arbitrarily small wave on the first one.

5.8 Exercises

Exercise 5.8.1. Consider a network composed by a single junction J with
three incoming roads I;, Is and I3 and one outgoing road I;. Assume that
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on each road the flux is given by f(p) = p(1 — p) and fix the precedence
parameters qg; = 1 and ¢2 = 2. Find the solution to the Riemann problem
when the initial data are given by
1 1 3 2
P10 = 5 P20 = 7 P30 = 7 P40 = 3
Exercise 5.8.2. Consider a network composed by a single junction J with one

incoming road I; and two outgoing roads I3 and I3. On each road consider
the Greenberg Model, see (3.1.4), and fix the matrix

A:<).

Find the solution to the Riemann problem when the initial data are given by

1 1 3
P10 = 5 P20 = 1 P3,0 = 1

W Wl

Exercise 5.8.3. Discuss the possibility of defining Riemann solvers at junc-
tions for the Underwood model (3.1.5) and the California model (3.1.7) using
rules (A) and (B).

Exercise 5.8.4. Consider a road network composed by two junctions J; and
Js. The junction J; has two incoming roads I; and I3 and one outgoing road
I3. The precedence coefficient is given by ¢ = % The junction J, has one
incoming road I3 and two outgoing roads I and I5. The matrix A for J; is

given by
A:< ) |

Assume that for all the roads the flux f is equal to p(1 — p). Consider the
initial datum, constant on each road:

N[N

po,1 = Po,2 = pPo,4 = 0.5, po,3 = 0.1, po5 = 1.

a) Calculate the time T' > 0 of interaction between the waves in I3 = [ag, b3)
generated respectively by J; and J; at time ¢ = 0.
b) Compute the limit of the solution as b3 — as tends to zero.

Exercise 5.8.5. Consider a network formed by a single junction with two
incoming roads and two outgoing ones. On each road consider the flux:

vp, if0 < p<o,
fp) =1 :
(20 — p), if o < p < Pmax-

Find an initial datum, constant on each road, and a time dependent traffic
distribution matrix A(t) such the the following holds. Denoting by p(t) the
corresponding solution, there exists 7' > 0 such that:

Tot.Var.(A(+), [0,T]) < +oo0, Tot.Var.(p(T)) = +oo.
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5.9 Bibliographical Note

The idea to consider the Lighthill-Whitham-Richards on a network was pro-
posed by Holden and Risebro [66]. They solved the Riemann problem at junc-
tions proposing a maximization of the flux.

Existence of solution to Cauchy problems was proved in the paper by
Coclite, Garavello and Piccoli [27]. The counterexample to the Lipschitz con-
tinuous dependence on initial data is contained in [27].

The point of view of Demand-Supply was introduced by Lebacque [84] and
by Lebacque and Khoshyaran [85], [86].

Time dependent traffic was studied in particular by Tong Li [103], which
considered fundamental diagrams varying in time for the Aw-Rascle model
and its extensions.
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Appendix
A.1 Technical Results

Lemma A.1.1. Fiz a junction J. Consider a trace of a wave y° such that

a)y? is generated at time t from J,
b) y? interacts at time t > t with J,
¢)y? does not interact with any junction on the interval |t,t[.

Then:

i) y?(t) is a big shock for some t €], 1],

i) if y?(t) is generated on an incoming road and y°(t) = (pi, pr), then py is a
bad datum and f(p1) > f(pr); for outgoing roads, p, is a bad datum and
it holds f(p1) < f(pr)-

Proof. Let us prove i). Assume, by contradiction, that y?(f) is not a big shock
and y? does not interact with a big shock on the interval J¢,#[. Then, by c)
and Lemma 4.3.6, y¥ always connects two good states. Therefore, if 49 is on
an incoming road, then its velocity is always negative, while if y? is on an
outgoing road, then its velocity is always positive. We reach a contradiction
with b).

Let us now prove ii). Again by Lemma 4.3.6, all waves produced by J on the
interval ]Z,[ connect two good states. In particular, if ¥ is on an incoming
road, then it always interact, on its right, with waves connecting two good
states. Thus, the right state of 4% is always good and, in particular, p; is a
bad datum. Since the velocity of () must be positive we obtain the desired
conclusion. The proof for outgoing roads is entirely similar. a

Lemma A.1.2. Fiz a junction J. Consider a trace of a wave y° such that

a) y® is a big shock generated at time t from J,

b) y® interacts at time t > t with J,

c¢)y® interacts only with waves produced by J on the interval |t,t| (and not
with junctions).

Then, if y°() is generated on an incoming road, y® must interact on the
interval |t,t[ with a wave (p_,py) such that p_,py are good data for the
incoming road and f(p—) < f(p+). A similar conclusion holds for outgoing
roads with the condition f(p—-) > f(p4)-

Proof. By Lemma 4.3.6, all waves produced by J on the interval ]¢, £[ connect
two good states. Assume that y? is on an incoming road. Then there exists
a time t €]t,#[ such that 3’ interacts at time ¢ with a wave (p_, p;), ¥ has
negative velocity in a left neighborhood of ¢ and positive velocity in a right
neighborhood of t. Then f(p? (t)) > f(p—) and f(p? (t)) < f(p+). The case
of outgoing roads is entirely similar. a
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Lemma A.1.3. Fiz a junction J and let (p1,0,-..,pa0) be an equilibrium at
J. Then at least two roads are active constraints; moreover it holds:

i) if pio is a bad datum, then I; is an active constraint,
it) if I, is an active constraint, then p;o is a bad datum or p; o = 0.

Proof. By condition (C), the solution to the LP problem (5.2.15) is obtained
on a vertex of the region 2. Then there are at least two active constraints.
Now, if p; 0 is a bad datum, then f(p; o) = ¥"**(pi0)-

If I; is an active constraint, then, by definition, f(pio) = ¥™*(pi,0). This
equality is always true for bad data and for good data only in the case of

equality with o. O

Lemma A.1.4. Fiz a junction J and let (p1,0,-..,pa,0) be an equilibrium at
J. Assume that a wave (p;, pio), ¢ € {1,2}, interacts with J and f(p;) <
f(pio). Let p; (5 € {3,4}) be the states at J in the outgoing roads after the
interaction. Then f(p;) < f(pjo) for j = 3,4, where the inequality is strict
for at least one j € {3,4}.

The same conclusion holds if a big shock (pjo,p;), j € {3,4}, interacts with
J.

Proof. Let us start considering the case of an interacting wave (p1,p1,0)
(the case of interaction from road I being entirely similar). Notice that,
by hypotheses, the wave (p1, p1,0) is a shock and p; is a bad datum. Hence
f(p1) < flpr) < f(pr0)-

Assume first that the incoming road I» is an active constraint; see Figure 5.9.
Then f(p;) < f(pio) (i = 1,2) and the conclusion holds.

71 71

Fig. 5.9. Case of I active constraint: I; active constraint (left), an outgoing road
active constraint (right). The big dot indicates the solution to the LP problem
(5.2.15).
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Assume now that only one of the outgoing roads, say road I3, is an active
constraint; see Figure 5.10. Then f(p3) < f(ps,0) and so

ol
Fig. 5.10. Case of I; and I3 active constraints and I4 not active constraints. The
big dot indicates the solution to the LP problem (5.2.15).

f(p2,0) = —%f(m,o) + f(pg’()),
£(02) = =5 o0 + L0 < S oy 4 L00)
Since I3 is an active constraint, and not I, we get:
a < ﬂa
then
R . . f—a.,, . 1-p
f(pa) = (1 —a)f(p1) + (1 —=pB)f(p2) < 3 f(p1) + Tf(ﬂs,o)
0 g Y pro) + %f(ﬂ&o) = f(ps,0),

the last inequality being true only because a < .
Assume now that both the outgoing roads are active constraints. Then the
same reasoning works considering the active constraint of the outgoing road
I3 if a < B and the active constraint of the outgoing road I if a > S.

We are left with the case of a big shock coming from an outgoing road, say
I5. Then, necessarily, f(ps) < f(p3,0), ps is a bad datum and f(ps) < f(ps,0)-
The case of both incoming roads being active constraints leads to the same
conclusion as before.
If I3 is active constraint and not Iy, again we get easily f(p;) < f(pio),



A.1 Technical Results 125

i=1,2.
Finally if I, is an active constraint, since the region {2 after the interaction is
restricted, we conclude. ]

Proposition A.1.5. Consider a network formed by a single junction J with
two incoming and two outgoing roads and the Riemann solver RS defined in
Section 5.2. Let p be a wave-front tracking approximation, then the functional
N(p(t)) is decreasing in time. Moreover, it decreases by at least 1 if any of
the following happens:

i) an initial datum wave interacts with the junction or with a wave in a road,
it) a BS-wave interacts with the junction.

Proof. Fix t and assume that a BS—wave 6 is generated at time ¢. Since by
BS.1 it is not an initial datum wave, then, by BS.3 and Lemmas 4.3.6 and
A.1.1, there exists 6’, big shock generated at time ¢’ < t, such that yel interacts
with a wave at time ¢ producing 6. Since ye, is not a BS-wave, then it violates
BS.1 or BS.4. If it violates BS.1, then the functional N decreases at least by
4. Assume therefore that it violates BS.4. It means that ye, is a big shock
with positive speed and that it interacts with a wave with good-good data.
This second wave could be a GG-wave and in this case N decreases at least
by 1 or an initial datum wave and in this case N decreases at least by 4.

Fix t and assume now that a GG—wave 6 is generated at time ¢. Then one
of the two cases happens:

a) 0 is generated by J at time ¢,
b) 6 is generated by interaction of waves at time ¢ on an outgoing road.

In the first case, by Lemma A.1.4, there exists a wave with increasing flux
interacting with J at time ¢ from an incoming road or a wave, which is not a
big shock, interacting with J from an outgoing road at time t. If a wave with
increasing flux interacts with J at time ¢ from an incoming road, then it is
necessarily a rarefaction wave with positive velocity connecting two bad data
and so it is an initial datum wave. If a wave, which is not a big shock, interacts
with J from an outgoing road at time ¢, then it is necessarily a rarefaction
wave with negative velocity connecting two bad data and so it is an initial
datum wave. By this interaction at most two GG—waves are generated, thus
N decreases at least by 1. The case b) does not happen.

Since no initial datum wave may be generated at positive times, we con-
clude that N(p(+)) is decreasing.

Consider now case i). If the initial datum wave interacts with another
wave, then there is a decrease of at least 3. If it interacts with the junction,
as in case a) above, there is a decrease of at least 1.

If ii) happens, then by Lemma A.1.4, no GG—waves are produced, then
there is a decrease of at least 1. a

Lemma A.1.6. Fiz a junction J and an incoming road I;. Let 6 be a wave
on road I;, originated at time t from J with a flux decrease, i.e. 2%(f) = b;,



126 5 Lighthill-Whitham-Richards Model on Networks

MN(t) < 0 and f(p%) < f(p?). Let y® be the traced wave and assume that
there exists t, the first time of interaction of y? with J after t. Then either

yY interacts with another junction on It, t~[ or, letting 01, ...,0; be the waves
interacting with y® at times t,, €)t,t[, m=1,...,1, (t1 <ta < ... <t), we
have:

|F(p(t — e,y (T —e)+)) = fp(f —£,9°(F — £)-))| <

~

ST F(pltm — .27 (tm — €)4)) = f(p(tm — €,277 (tm — €) )|
m=1
— %) — £(5)]

for € > 0 small enough. This means that the initial fluz variation along y° is
canceled. The same conclusion holds for an outgoing road I;.

Proof. Consider the wave (pe,,pi) as in the statement, then it is a shock
with negative velocity and pf. > max{p? ,7(p?)}. If ¥’ interacts with another
junction, then there is nothing to prove. So, we assume that 3% does not
interact with another junction. At time t;, the wave #; interacts with ye.
We analyze first the case of interaction from the left of y?. We have two
possibilities:

1. p% €10,7(p%)]. In this case we have total cancellation of the flux variation
and so

F6%) = £ = [£62) = £0D)| = 1762) = £
Therefore the claim easily follows.

2. ph E]T(pﬁ_), pﬂr]. In this case the wave y? after the time interaction t; is
of the same type of y? before t1, i.e.

max{p(t1,y’(tr) =), 7(p(t1, y’ (t1)=))} < p(ts,y° (t2)+).

We consider now the case of interaction from the right of 3?. It is clear
that p* €]p? , 1]. If moreover f(p%') > f(p?), then we have total cancellation
of the flux and we conclude as before. If instead f(p%') < f(p”), then the
wave y? after the time ¢; is of the same type of % before ¢;.

We repeat this argument at each interaction time t,,. If at some ¢,,, we have
total cancellation of the flux, then we conclude. Therefore we may suppose
that at each t,, total cancellation of the flux does not occur. Since the type
of the wave y? does not change, we have

max{p(l — &y’ (l = &)=), 7(p(f — &,y°(f = &) =)} < p(f = &,y°(I = &)+)

for £ > 0 small enough and hence the speed A\’(f — &) is negative, which
contradicts the fact that y? interacts with J at time £. O
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Lemma A.1.7. Fiz a junction J and an incoming road I;. Let 0 be a wave on
road I;, om'ginated at time ffrom J by a fluz increase, i.e. () = b;, N (f) < 0
and f(%) > f(p%). Let y° be the tmced wave and assume that there exists

, the first time of mtemctzon of y? with J after t. Then y° interacts with
other junctions in |t, 1] or y? cancels the flux variation, or it produces a flux
decrease at J at t, i.e.

Flp —e.9°(T —€)=)) < f(p(t —e,4°(F — £)+)),
for e > 0 small enough. The same holds for outgoing roads.

P?;)oof.e Since N(F) < 0 and f(p%) > f(p?), then p? > o. Moreover the wave
(p?, pf) is a rarefaction fan, hence o < pf < p.

If an interaction on the right with a wave 6, happens, then pil €lp? 1]
and we have total cancellation of the flux variation. Therefore we may suppose
that an interaction on the left with a wave #; happens. In this case we have
two possibilities:

L. p e (0,7
2. ,0, [ (p+),p+[-

In the latter case we have total cancellation of the flux variation and so we
conclude. In the first case, instead, the type of the wave changes, since

0<p” <T(p+) <pi<1.

The speed of the wave y? after this interaction is pomtlve and if there are
no more interaction, then we have the claim since f(p”) < f(p %). Thus we
suppose that an interaction with a wave 65 happens. If it is an interaction
from the left, then the possibilities are the followings:

1. p% € [0,7(p)[. We do not have total cancellation of the flux variation,
but the type of the wave does not change and the situation is identical to
the previous one.

2. p”2 € [T (pfi),o[. We have total cancellation of the flux variation and so

we conclude.
If it is an interaction from the right, then the possibilities are the followings:

1. p% € [o,7(p?)[. We do not have total cancellation of the flux variation,
but the type of the wave does not change.

2. pﬁ? € [T(pe_l), 1]. We have total cancellation of the flux variation and so
we conclude.

The conclusion now easily follows repeating this argument. If at each in-
teraction we do not have total cancellation of the flux variation, then we
necessarily have that

flpt—e,y’(t—e)=)) < flp(t —,4°(F — €)+)),

for € > 0 small enough, which concludes the proof. O
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Lemma A.1.8. Fiz a junction J. If a wave interacts with the junction J from
an incoming road at time t, then

Tot. Var.(f (p(t+,-))) = Tot. Var.(f(p(t—,))). (A.1.30)

Proof. For simplicity let us assume that I, I are the incoming roads and I3, I
are the outgoing ones. Let (p1,0, ..., pa,0) be an equilibrium configuration at
the junction J. We assume that the wave is coming from the first road and
that it is given by the values (p1, p1,0). Let us define the incoming flux

o= (i WD e

and the outgoing flux

ro-{i B2 e

Clearly, since the wave on the first road has positive velocity, we have
0<p1 <o. (A.1.33)

Let (p1, ..., pa) be the solution to the Riemann problem at the junction J with
initial data (p1, p2,0, 03,0, P4,0) (see Theorem 5.2.1). By definition of equilib-
rium, (f(p1,0), f(p2,0)) is the maximum point of the map E on the domain

20 = {(11,72) € 21,0 X 220|A- (v1,72)" € 250 x 240},

and (f(ﬁl), f(ﬁg)) is the maximum point of the map E on the domain

2= {(71,72) € 21 x 220]A - (71,72)" € 230 % Lap},

. - [ (p] 0)]’ lf] = 1725
QLO B { [ t(pJ 0)]7 lf] = 3,4,

where

and, by (A.1.33), A
21 := 1[0, f"(p1)] = [0, f(p1)]-

It is also clear that

(f(pr0), f(p2,0)) € 02,  (f(p1), f(p2)) € 012

For simplicity we use the notation (5.3.23).
We distinguish two cases. First we suppose that

flp1) < flpro), (A.1.34)

(equality can not happen in the previous equation because the wave would
have velocity zero). Then 2 C (2) and
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f(p1) < flp1),  f(pr) + f(p2) < f(pro) + f(p20)- (A.1.35)
We claim that
f(p2,0) < f(p2),  [f(p3) < f(pso),  f(pa) < fpao)- (A.1.36)

The points (f(p1,0),f(p2,0)), (f(p1), f(p2)) are on the boundaries of {2,
2 respectively, where the function F attains the maximum, hence each one is

at least on one of the curves

a1+ B2 = O ps0), (I—a)yi+ 1 —B)v2 = f"pao0), 2= f"(p2,0)-

Let us assume that the two points are on the same curve, the other cases
being similar,
ami + Bya = 7 (p30)- (A.1.37)

Observe that the map F is increasing on the curve

L fout(pS’O) B g )
Al (l}/l? 6 ﬁ,yl )

otherwise we contradict the maximality of E at (f(p1,0), f(p2,0))- Thus o < S,
p1 = p1, the first two inequalities in (A.1.36) hold and

F(p1) = f(pr),  f(p2) > f(p20),  f(p3) = f(p30) = [ (p3,0). (A.1.38)
On the other hand, by (A.1.35), we have

f(pa) = (1 —a)f(p1) + (1= B)f(p2)
< (1= a)(flpr0) + flp2,0) — f(p2)) + (1 = B)f(p2)
= (1 —a)(f(pr.0) + f(p20)) + (o= B) f(p2)
< (1 =a)(f(pr0) + f(p20)) + (a = B) f(p2,0) = f(pao)-

Thus (A.1.36) holds. Using (A.1.36) and (A.1.38), we get

Tot.Var.(f(p(t+,-)))
= [f(p1) — f(pO) + [f(p2) — f(p2,0)| + | f(P3) — fp30)l + |f(pa) — fpa,0)l
(f( 2) = f(p2,0)) + (f(p30) = f(P3)) + (f(pa,0) — f(pa))
F(p10) = F(pr) = f(p1,0) = f(pr) = Tot.Var.(f(p(t—,-)))-

Suppose now that

fpro) < f(p1),

then p10 < p1 <oand {2y C 0. Assuming again that both points of maximum
of the function E are on the curve (A.1.37), we have

f(p1) = f(p1),  f(p2) < flp20)s  flpso) = f(p3), flpao) < f(pa).
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Therefore we have

Tot.Var.(f(p(t+,)))

= [f(p1) = f(pO) + [f(p2) — f(p2,0)| + | f(P3) = fp30)l + |f(Pa) — f(pa)l
= (f(p20) — f(p2)) + (f(p3) — f(p3.0)) + (f(Pa) — f(pa0)))

= f(p1) = fpro) = f(p1) = f(p1.0) = Tot.Var.(f(p(t—,))).

This concludes the proof. a

Proof of Lemma 5.3.7 Fix a junction J. Notice that there exists a constant
Cj, depending on the coefficients of the matrix A at J, so that each interaction
of a wave with J provokes an increase of flux variation at most by a factor
Cj. More precisely, if Tot.Var.jf is the flux variation of waves before and after

the interaction then Tot.Var.JT < CJTot.Var.JT

Consider a wave 6 interacting with the junction J. By Lemma A.1.8 the
flux variation can increase only if the wave is coming from an outgoing road.
Let 64,...,604 be the waves so produced. Thanks to Lemma A.1.6 waves pro-
duced by a flux decrease can not interact with the junction J without canceling
the flux variation or reaching another junction. Moreover, by Lemma A.1.7,
every 6; can come back to the junction J (without interacting with other
junctions) only with a decrease of the flux. By Lemma A.1.4, a wave with de-
creasing flux interacting with J always produces a flux decrease on outgoing
roads. Hence, waves 6; may come back to the junction only with decreasing
flux, thus, by Lemma A.1.6, producing other waves that can not come back
to the junction, unless they cancel their flux variation or interact with other
junctions. Finally, each wave flux variation can be magnified just twice by a
factor C'y interacting only with junction J and not with other junctions.

Now let 4 be the minimum length of a road, i.e. 6 = min;c7(b; — a;), and
A be the maximum speed of a wave, i.e. A = max{f’(0),|f'(1)|}. Then each
wave takes at least time &/ A to go from one junction to another.

Finally, recalling that the total variation of the flux may only decrease for
interactions on roads, we get that a magnification of flux variation of a factor
C7 = max ez C% may occur only once on each time interval of length &/ A
We thus get:

Tot.Var.(f(p(t+,))) < C?Tot.\/ar.(f(ﬂ(o*'v ) =
eXTot. Var.(f(p(0+,))),

where K = Alog(C7)/é. O

A.2 Lipschitz Dependence in a Special Case

We present a result about the Lipschitz continuity with respect to initial data.
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Let us consider a road network (Z, 7).

Definition A.2.1. Let us fix an approzimate wave front tracking solution p.
For every junction J and for every incoming road I;, the function b,(J,i,-) is
defined on [0,T] by

07 Zf pl(tabl_) S [07 1]7

bo(S,1,t) = {1, if pilt,bi=) € [0,0[.

If p, is a sequence of approximate wave front tracking solutions (briefly
AWFTS), then we say that the sequence p, has the property (H) if:

H1. there exists M € N such that the function by, (J,4,-) has at most M
discontinuities for every J € J, for every i € {1,..., N} and for every
v 2> 0;

H?2. there exists 6 > 0 such that
polt,ait) — o > 6

and
|pu(t, bl_) - U| > 1)

for every J € J, for every i € {1,...,N}, for every v > 0 and for every
t e [0,7].

The following proposition holds.

Proposition A.2.2. Fized T > 0, we consider a solution p defined on [0,T]
such that, for every t € [0,T], p(t,-) is a bounded variation function. Given
n>0,0>0and M € N, we define
D6, M) :={pe L. 3(p,)ven sequence of AWFTS satisfying (H)
with parameters § and M,
po(0,7) = () in Liy,
Tot. Va'T'(pV(Ov ) - p(07 )) < 77}

If there exist 0 <n' <n, § >0 and M € N such that
D:=cl{p:Tot.Var.(p—p) <n'} €D}, M),

then there exists a Lipschitz continuous semigroup S of solutions defined on
[0,T] x D.






6

Aw-Rascle Model on Networks

This chapter, as the previous one, deals with a road network. On each road
we consider the Aw-Rascle model for traffic, while at junctions we propose a
Riemann solver satisfying the conservation of cars and the following rules:

(A) there are some prescribed preferences of drivers, that is the traffic from
incoming roads is distributed on outgoing roads according to fixed coeffi-
cients;

(B) respecting (A), drivers choose so as to maximize the first component of
the fluxes.

For this model, rules (A) and (B) are not sufficient to isolate a unique
solution to the Riemann problem at junctions in outgoing roads. Hence, we
impose some additional rules, which permit to solve in a unique way the
Riemann problem. Moreover we analyse stability of solutions to the Riemann
problem at junctions, in the sense that small variations in the data produce
small variations in the solution. Finally, using the wave-front tracking method,
we present a result about existence of solutions to the Cauchy problem in a
network.

6.1 Basic Definitions and Assumptions

Fix a road network (Z,J). On each road consider the Aw-Rascle model in

conservation form
pe+ (y—p")e =0,

2
Y + (”7 —y/ﬂ) =0,

x

(6.1.1)

where p denotes the car density and y the generalized momentum. As in
Chapter 3, consider the domain

D={(py) eERTxRT: p""' <y < p}. (6.1.2)
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For each road I;, with (p;, ;) : [0, +00[xI; — D we denote the density and
the generalized momentum of cars in the road I;. For every i € {1,..., N}, we
look for (p;,y;) in the road I;, which is an entropy-admissible weak solution,
as defined in Chapter 2.

In the following analysis, some curves in the domain D play a crucial role:

1. the curves of the first family;
2. the curves of the second family;
3. the curve y = (y + 1)p7+L.

We call the last one curve of maxima, since the first component of the
flux restricted to a curve of the first family has the maximum point at the
intersection with such a curve. Moreover y = (v + 1)p?*! divides the domain
D into two subdomains D; and Ds:

Dy:={(p,y) €ED:y>(v+1)p""} (6.1.3)
and

Dy:={(py) €D: y<(y+1)p"*}. (6.1.4)
We use the symbols 751 and 7032 to denote the sets:

Dy:={(p,y) €ED1:y> (y+1)p" "} (6.1.5)
and )

Dy:={(py) €Da: y<(v+1)p"*'} (6.1.6)

which are the interior of D; and D5 in the set D.

6.2 Riemann Problems at Junctions

Fix a junction J with n incoming roads (say I1, ..., I,) and m outgoing roads
(say Int1,-- -, Intm) and a distribution matrix A satisfying condition (C); see
Chapter 5. Assume that ((p1,0,¥1,0)- - - (Pntm,0, Yn+m,0)) are the initial data
on the roads. Our aim is to describe the image of a Riemann solver at the
junction J. Some different cases are possible, depending in particular whether
the road is incoming or outgoing. Consider a Riemann solver RS satisfying
conditions (A) and (B) and define

((ﬁlv gl)» v (ﬁn+ma gn+m)) = RS((pLOv y1,0)7 BERE) (anrm,Ov yner,O))' (627)

In the case of an incoming road I; (i € {1,...,n}) the following proposition
holds.

Proposition 6.2.1. Let (p;0,yi0) 7 (0,0) be the initial value in an incom-
ing road I; (i € {1,...,n}). The admissible states (p;,¥;) generated by the
Riemann problem at the junction must belong to the curve of the first family
through (pi0,Yi0). More precisely, we have the following cases:
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1. (pi,0,Yi0) € D1. In this case, the two states are connected by a shock wave
of the first family. There exists a unique point (p,y) € Do on the curve of
the first family through (pi0,vi,0) with the properties:

a)yio—piy =0—
b) (pi, Ui) is admissible if and only if p; > p; see Figure 6.1.

2. (pi,0,Yi,0) € Da. In this case all the admissible final states belong to Da;
see Figure 6.2.

If instead (pi,0,Yi,0) = (0,0) then the only admissible final state is the same
point (0,0).

Yy
— +1
y= O+ y=p'tt
_ %o
Y= Pi,0
y=p (p,9)
(01,05 ¥i,0)
1 P
Fig. 6.1. Admissible states in an incoming road I; when y; 0 > (v + l)ngl. The
final state either is (pi,0,¥:,0) or belongs to the part in bold of the line y = 2:2p.

Pi,0

Proof. If we connect two states with a wave of the second family, then the
speed of the wave is greater or equal to 0. Therefore, to obtain waves with
negative speed one has to restrict to waves of the first family. First, consider
the case (pi0,¥i0) # (0,0).

If p; < pio then there exists a rarefaction wave of the first family connect-
ing (pi,0,%i,0) to (pi, ¥i). The maximum speed of the wave is given by

A Ui .
M(pi, i) = i (v+1)p].

3

Since we need A1(p;, ;) < 0, then

A 1 ~ A~
P <o < (r+ )
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Y
y=(v+1)p""! y=ptt
— Yio
vy= qu,op
y=p (pi,07 yi,o)
1 p

Fig. 6.2. Admissible states in an incoming road I; when y; 0 < (v + l)ngl. The

Yi,0
Pi,0 p-

final state belongs to the part in bold of the line y =

If p; > pso then there exists a shock wave of the first family connect-
ing (pi.0,¥i0) to (pi,Ji). Since the speed of the wave, given by the Rankine-
Hugoniot condition, must be negative, it results

41 Yio . +1
Pl = gl vio - pio > 0.
1y

The previous inequality can also be written in the form

y+1 _ A7+1
Yio oo TP (6.2.8)
pz,O pz,O — Pi

If yio < (v + 1)pzarl, then all the points on the curve of the first family
through (ps,0,yi,0) with p; > p; o satisfy the last inequality. In fact y; 0/pi0 is
the slope of the curve of the first family through (p; 0, ¥:,0), while

Y+1 ~y+1
Pio — Pi
Pi0 = Pi

is strictly greater than the minimum of the derivative of pY*! when p belongs

to the interval . ) )
=) () ()
v+1 pio) "\ pio ’

which is exactly yi,O/pi,O-
Instead, if y; 0 > (v + l)pZJOrl, then there exists a unique point (p,y) on
the curve of the first family through (p; 0, yi,0) with p > p; ¢ such that
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Y+l oyl
Yio  Pio —P
Pi,0 pio — P

In fact, since the function p — pY*1! is convex, then the function

1
p = ng' _p'y+1
Pi0 — P

is strictly increasing when p > p; ¢; moreover

y+1
y+1 Y1 v+l _ (L0
. Pio —P ;0 Pi0 ; 0
lim , e < %, and py‘o — > ¥i0 ,
— , oL .
pﬂ(ﬁ)l/w(ﬁ)l/w Pi,0 — P Pi,0 Pio — (p: O)w Pi,0

gives the existence of (p,7) € D,. Notice that the points (pi,0,¥i0) and

(P, 522p) have the same first component of the flux.

Now, it remains the case (pi0,yi0) = (0,0). In this case no point (p;, 9;)
is admissible, since the speed of the wave of the first family connecting (0, 0)
to (pi,¥i) is given by

N Can]
Yi — PZJF
pi
which is clearly positive. Therefore the proof is finished. O

In the case of an outgoing road I; (j € {n+1,...,n+m}) the situation is
more complex than the previous one. We describe the images of the Riemann
solver RS using an intermediate point (p, 7).

Proposition 6.2.2. Any point (p,y) on a curve of the second family through
the point (pj0,y;0) can be connected to (pjo,yj0) by a contact discontinuity
wave of the second family with speed greater than or equal to 0.

Proof. The proof follows from the fact that the second eigenvalue A5 is greater
than or equal to 0 in D. O

Proposition 6.2.3. A state (6;,79;) # (0,0) is connectible to a given state
(p,9) by a wave of the first family with strictly positive speed if and only if
Y= g—jﬁ and one of the followings holds:

1.4 < (y+1)p"*L. In this case there exists p < p such that all the possible

final states (pj, ;) are those with p; < p.
2.9 = (y+ 1)pY*L. In this case we have that

LY NS V]
oeoe()" (&)
v+l Pj

If p; < p, then the wave of the first family connecting (p;,9;) to (p,g) is
a shock wave, while, if p; > p, then the wave of the first family connecting
(pj,95) to (p,7) is a rarefaction wave.
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Proof. First, we note that, if (p;,7;) is connectible to (p,§) with a wave of
the first family, then § = ‘Z—jﬁ.

If p < pj, then the minimum speed of the wave of the first family connect-
ing (p;,7;) to (p,y) is given by

APy, ;) = p—J = (v+1)p].
J

Therefore the speed is positive if and only if
g; = (v +1)p

Instead, if p > p;, then the speed of the wave of the first family connecting
(pj,95) to (p, ) is positive if and only if

@ =" -

pj—p

>0,

which is equivalent to
Pt =t
p—pj
If § > (y+1)p? ", then the supremum of the second member of (6.2.9) when
0 < p; < pis equal to (y+ 1)p", which is lower than or equal to §/p.
If instead 4 < (y-+1)p” T, then, as in the proof of Proposition 6.2.1, there
exists p < p with the desired property. a

(6.2.9)

Tl

According to Proposition 6.2.1, the first component of the flux for the
solution (p;,¢;) in an incoming road I;, may take value in the set

A1 A1
0, (L) ! (yo) ! ] . if (pi,0,¥i,0) € Da,

2 = [ [ pro (6.2.10)
[ani,O - P%ﬂ} ) if (pi,0,9i,0) € D1.

By Propositions 6.2.2 and 6.2.3, the first component of the flux for the
solution (p;,9;) in an outgoing road I;, may take value in the set

a1

1 I
0,7 —— 6.2.11
(1) ] (6:2.11)

if the curve of the second family through (p;0,¥;,0) is completely inside D,
while in the set

;=

2=

1 Yj,0
2; =10, p—,(yj,o -5h <1 + 00— J_)

5,0 P34,0

] (6.2.12)

in the other case. This situation is also described in Figures 6.3 and 6.4.
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)

y=(+1p""!

v+

Y5,0
04,0

1

pH+p"" = plop

1 p
Fig. 6.3. Admissible states in an outgoing road I; when the curve of the second

family through (p;0,y;0) (in bold) is not completely in D;. The admissible final
states (pj, 3;) belongs to that curve or to the drawn region.

y
y=(y+ 1)+
y=p"""
y==2p+p"" = plop
(P3.0,5.0)
1 p

Fig. 6.4. Admissible states in an outgoing road I; when the curve of the second
family through (pj,0,¥;5,0) is completely in D;. The admissible final states (5;,3;)
belongs to the drawn region.
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Remark 6.2.4. Notice that if (p;,0,y;,0) 7 (0,0) satisfies y; 0 = p%rl, then the
final state (p;, ;) must be equal to (pj,0,yj,0)- In fact, if (4;,9;) belongs to the
curve of the second family through (pj,0,¥;,0), then the wave connecting the
two states has zero speed and so it is not admissible, while if (;, §;) belongs
to the curve of the first family through (p;.0,;,0), then the speed of the wave
is negative.

The next theorem gives necessary condition for the Riemann solver RS.

Theorem 6.2.5. Fiz a distributional matriz A satisfying condition (C) and
an initial condition ((p1,0,Y1,0)s---» (Pntm,0sYUntm,0)). Then there exists a
unique (n + m)-tuple (01,...,0n4m) such that

1.6; >0 for every i€ {1,...,n+m};

2. 4; — 5?“ =0; for everyi € {1,...,n+m}.

Proof. Consider the set

(2= {(5177571) e x--x Qn|A((517,5n) S Qn+1 X -0 X Qn+m}7
(6.2.13)
where the sets (2; are defined in (6.2.10), (6.2.11) and (6.2.12). The set {2 is
closed, convex and non empty.
Define the function

E: [0 — R
(51, .. ,6n) — E?:l (Si,

By condition (C) on the matrix A, VE is not orthogonal to any nontrivial
subspace contained in a supporting hyperplane to {2, hence there exists a
unique vector § = (01, ...,0,) € §2 such that

(6.2.14)

~

By, b)) = max B, d) (6.2.15)

With this procedure we find uniquely the values of the fluxes of density
of the solution to the Riemann problem at the junction J. More precisely,
5; gives the value of density fluxes in incoming roads, while density fluxes in
outgoing roads are defined by

(Bpits- s Ongm) T = A (b61,...,60)7.

Thus (51, .«vy0ntm) is the unique (n 4+ m)-tuple satisfying 1. and 2. in the
statement of the theorem. O

Remark 6.2.6. This solution to the Riemann problem at the junction J implies
the conservation of the density of car, but does not imply the conservation of
the momentum. This means that this kind of solution is not a weak solution
to (6.1.1) at J, that is it is not a solution to (6.1.1) in integral sense.
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Theorem 6.2.7. Fiz a distributional matriz A satisfying condition (C) and
an initial condition ((1,0,Y1,0),- -+ (Pn+m,0, Yn+m,0))- Then, for every i €
{1,...,n}, there exists a unique couple (p;, §;) satisfying (6.2.7).

Proof. Fix i € {1,...,n}. By Theorem 6.2.5 we have to choose an element
(pi, Ui), satisfying the necessary conditions given by Proposition 6.2.1 and
i — piT =0

Therefore, we need to solve the system

__ Yi,0
{y piolh (6.2.16)

This system in general admits two solutions in D, but only one satisfies the
conditions of Proposition 6.2.1. So we take

(Pi>¥i) = (pi0sYio) (6.2.17)
if y;0 = ngl +6;, otherwise (p;, §;) is the unique solution in Dy of the system
(6.2.16). -

Remark 6.2.8. Condition on the speed of waves in outgoing roads implies,
as proved in Propositions 6.2.2 and 6.2.3, that (p;, ;) may stay in a two-
dimensional region; see also Figures 6.3 and 6.4. Theorem 6.2.5 implies also
that R

g;— 0] =65
In general, these conditions are not sufficient to isolate a unique (4;,9;). To
do this, we need to impose some additional conditions.

Consider three different additional rules for solutions to a Riemann prob-
lem at the junction J:

(AR-1) maximize the velocity v of cars in outgoing roads;

(AR-2) maximize the density p of cars in outgoing roads;

(AR-3) minimize the total variation of p along the solution of the Riemann
problem in outgoing roads.

Remark 6.2.9. Rules (AR-1) and (AR-2) are given for model reason, assuming
that drivers prefer to maximize p or v. On the other side rule (AR-3) is
motivated mathematically to control the BV norm.

6.2.1 (AR-1): Maximize the Speed

This subsection deals with the solution to a Riemann problem at the junction
J with the additional rule (AR-1). With this rule it is possible to isolate a
unique solution also for the outgoing roads. Indeed the next theorem holds.
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Theorem 6.2.10. Fiz a distributional matriz A satisfying condition (C) and
an initial condition ((p1,0,Y1,0)s-- - (Pntm,0,Yn+m,0)). Then, for every j €
{n+1,...,n+m}, there exists a unique couple (p;,y;) satisfying (6.2.7) and
the additional rule (AR-1). Moreover, the point (p;,7;) belongs to the line
y=p-

Proof. First, recall that the second characteristic field is linearly degenerate
and the second eigenvalue A5 is equal to the velocity v of the cars. So the curves
of the second family are the level sets for the speed v of the cars. Moreover,
the speed v is monotone decreasing with respect to p on level curves of density
flux. Therefore, (p;j,9;) is the solution to

— o+l 5.
{y P (6.2.18)

y=p.
There are some different cases.

1. 0; < sup £2;. In this case (j;,9;) is the solution to the system (6.2.18), that
is in Dy. In general, to connect (5;,7;) with (pj,0,¥j,0) we use a wave of the
first family with positive speed and a wave of the second family; see Figure
6.5.

Y Yy

y = (v +1)prT?!

y=p"" 14
Y41 )
y=p""
Py, 95) ~_ |
y=gtp+p" = plop —
1 p 1 P

Fig. 6.5. Solution (p;,§;) to the Riemann problem on an outgoing road I; in the
case 1 with the additional rule (AR-1). In the first picture it is drawn the case in
which the curve y = p? ! + Sj does not intersect in D the curve of the second family
through (pj,0,¥;,0), while in the second picture the other case.

2. 5j = sup({2;), yj0 < pj0, and the curve of the second family through
(pj.0,Y5,0) lies completely in the region D;; see Figure 6.6. In this case the set
{2, is given by (6.2.11) and so it is the maximum possible. Hence there exists
only one point in D with the first component of the flux equal to 5j and this
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point is precisely given by the intersection between the line y = p and the
curve of maxima. Thus

(P> 9;5) = <(%>i : (ﬁ)v :

and to connect (p;, ;) with (pj,0,¥;0) we may use a wave of the first family
with positive speed and a wave of the second family.

Y

y = (v + pY !

y=7p+p " —plop

P3j,0

(04,05 ¥4,0)

1 p

Fig. 6.6. Solution (p;,§;) to the Riemann problem on an outgoing road I; in the
case 2 with the additional rule (AR-1).

3. 0; = sup(£2;), yjo < pjo and the curve of the second family through
(pj,0,¥5,0) is not completely contained in the region D;. In this case (p;, ;)
is given by the solution to

y=p
Y= p’Y+1 +5]7
(pvy) € D27

since as in the previous case the intersection between the region of admissible
final states and the curve y = p7™1+4; consists of a single point; see Figure 6.7.
To connect (p;, ;) with (pj,0,¥;,0) we use only a wave of the second family.

4. 5j = sup(£2;) and y;0 = pjo0. If (pj0,¥;0) € D1, then as in case 2 the set
§2; is the maximum possible and so the solution is given by

(hj>9;5) = ((%f : (#)7 :

and to connect (p;, ;) with (p;.0,¥;j,0) we use only a wave of the first family
with positive speed. If instead (p;,0,%;,0) € D2, then, as in case 3, the solution
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Yy
y=(v+1prt?
(Pj>95)
y=p""
_ Y50 y+1 _ v
Yy=30Ptr PjoP
1 p

Fig. 6.7. Solution (p;,§;) to the Riemann problem on an outgoing road I; in the
case 3 with the additional rule (AR-1).

is
(P> 95) = (P05 ¥5.0),
and no wave is produced. This case completes the proof. a

Remark 6.2.11. Notice that, in the case 1. of the previous proof, if we recal-
culate £2; using (p;,9;) instead of (p;0,¥y;0), then the obtained set Qj may
be bigger than {2;. Thus it seems that the solution can be found in two steps,
but this is not the case, since §; < sup(2;) implies that the maximization
problem (6.2.15) has the same solution.

Remark 6.2.12. The solution to the Riemann problem at J with the additional
rule (AR-1) is equal to the solution to the Riemann problem at J with the
rule: minimize the density of the cars in outgoing roads.

6.2.2 (AR-2): Maximize the Density

This subsection deals with the solution to a Riemann problem at the junction
J with the additional rule (AR-2). The following theorem holds.

Theorem 6.2.13. Fiz a distributional matriz A satisfying condition (C) and
an initial condition ((p1,0,41,0),- - (Pntm,0, Yn+m,0)). Then, for every j €
{n+1,...,n+m}, there exists a unique couple (p;,y;) satisfying (6.2.7) and
the additional rule (AR-2). Moreover, the point (p;,3;) belongs to the region
Dy and either to the curve of the second family through (pj0,y;0) or to the
curve of mazxima.

Proof. We have two different possibilities.

1. The curve of the second family through (p;0,¥;0) is completely in the
region D;. In this case the admissible final states are exactly all the points of
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Dy and so the solution (p;, ;) belongs to the part of the curve y = p?+! + Sj
which lies in D;. If we want to maximize the density we have to choose the
point (p;, ;) given by
{ y=pt 44,
y=(v+1p,
as we clearly see in figure 6.8.a. To connect (p;,9;) with (pj0,¥;,0), we have

to use in general a wave of the first family with positive speed and a wave of
the second family.

2. The curve of the second family through (p;0,y;,0) is not completely in the
region Dy. If the curve of the second family through (p;0,¥;,0) intersects the

curve y = p' 1 4 5j only in the region Dy, then the solution (p;,7;) is given
as in the previous case by the system

y=p" 44,
y=(v+1)p*,

and to connect the two states we use a wave of the first family with positive
speed and a wave of the second family. Otherwise (p;, ;) is given solving

Voot
y=2rp+ " = plop,

as we see in figure 6.8.b. To connect (p;,9;) with (p;0,y;0), Wwe use only a
wave of the second family. a

y=p7t 44,

_ Y50 y+1 _ Y
y = pj,op+n Pj.oP

-~ (4,0, 95,0)

Fig. 6.8. Solution (p;,4;) to the Riemann problem on an outgoing road I; with
the additional rule (AR-3). The first figure shows the case where the curve of the
second family through (pj0,¥;j,0) is completely in the region Dp, while the second
figure shows the other case.
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6.2.3 (AR-3): Minimize the Total Variation

This subsection deals with the solution to a Riemann problem at the junction
J with the additional rule (AR-3). The following theorem holds.

Theorem 6.2.14. Fiz a distributional matriz A satisfying condition (C) and
an initial condition ((p1,0,41,0);- - (Pntm,0, Ynt+m,0)). Then, for every j €
{n+1,...,n+m}, there exists a unique couple (p;,y;) satisfying (6.2.7) and
the additional rule (AR-3).

This theorem follows directly by the following lemmata.

Lemma 6.2.15. If (p;0,y;0) = (0,0), then the point (p;,7;) belongs to the
line y = p and to the region D;.

Proof. Here the set of admissible states is the whole D and in this case min-
imizing the total variation of p along a solution is equivalent to choose the
point of the curve y = p?*! +¢; with minimum p. O

From Remark 6.2.4, we deduce immediately the following lemma.

Lemma 6.2.16. Let (p;0,y;5.0) # (0,0) and yjo0 = P;’—gl. In this case (pj,7;)
is equal to (pj,0,Yj,0)-

Lemma 6.2.17. Assume y;0 > P;'Y;Jrl. If the curve y = p7* 4 §; intersects
the curve of the second family through (pj;0,y;0), then (pj,7;) is given by the
unique intersection of those curves.

Proof. 1t is easy to see that the intersection between the curve of the second
family through (pj0,y;0) and the curve y = p?™! + j; consists of at most
one point. Then (p;, ;) is such intersection and the total variation of the
density p along the solution is simply given by |p; — pj0|- In order to prove
that the solution attains the minimum of variation in p, let us consider an
other admissible point (p, ) such that

{ g = ﬁ’y+1 + 8]7
p# pj-

We must have min{p;, pj.0} < p < max{p;,p;o}. If such a point (p,7) exists,
then to connect (p,y) with (p;.0,9;,0) we need to use first a wave of the first
family until a point (9, §) and then a wave of the second family. Thus the total
variation of the density p along this solution is given by [p — p| + |p — pjol
where p satisfies either p < min{p;, pj o} or p > max{p;,p;o} and so the
proof is finished. O

Lemma 6.2.18. Assume y;o > plgl, If the curve y = p'T1 + Sj does not
intersect the curve of the second family through (pjo,y;0), then (p;,4;) is
given by

y=pTt 445,

Yy =p, (6.2.19)

(p,y) € D1
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Proof. The only possibility is that the curve of the second family through
(pj,0,Y5,0) is completely inside the region D;. Let us call (p;,9;) the solution
to (6.2.19). To connect (p;, 9;) with (p;,0,y;,0) we have to use first a rarefaction
wave of the first family until a state (p, §) with p; 0 < p < p; and then a wave
of the second family. The total variation of the density p along this solution
is equal to |p; — pj,ol. Any other point of y = p7 ! + 5j generates a variation
in p strictly bigger than |p; — p; 0| and so the lemma is proved. 0O

6.3 Stability of Solutions to Riemann Problems at
Junctions

The aim of this section is to investigate stability of constant (on each road)
solutions to Riemann problem, called equilibria. Stability simply means that
small perturbations of the data in L norm, that may be produced by waves
arriving at junctions, produce small variations of the equilibrium in L° norm.
As in the previous section, we have to consider different cases according to
the additional rules (AR-1), (AR-2) or (AR-3).

In the whole section, we consider a fixed junction J with n incoming roads
(say Ih,...,1I,) and m outgoing roads (say Ini1,...,Intm) and we assume
that ((p1,0,¥1,0)s - -5 (Pntm,0, Yn+m,0)) is an equilibrium at J.

Definition 6.3.1. We say that ((p1,0,91,0)s- - - (Pntm,05 Yn+tm,0)) IS an equi-
librium at J if

((91,07311,0)7 cees (pn+m707yn+m,0)) = RS((P1,0791,0)7 s (Pn+m,0,yn+m,0))-

We want to remark that waves of the second family have always positive
speed. Moreover waves of the first family connecting two states in the region
D1 have positive speed, while waves of the first family connecting two states
in the region Dy have negative speed. The consequences of this fact are the
followings.

Claim 1. In an outgoing road only waves of the first family can reach the
junction. Therefore if (pj0,¥;j,0) € D1, then it can not be perturbed by
waves connecting (pj;.o0,¥;0) with an other state (p,7) € Dy; in fact, in
this case, also waves of the first family have positive speed.

Claim 2. Assume (p;0,¥i0) € D1. If a wave on a road different from I; pro-
duces a variation of the solution of the Riemann problem at the junction,
then the new solution (p;,¥;) in the incoming road I; either is equal to
(pi,0,Yi,0) or (pi, ¥i) belongs to 2092. In the latter case the distance between
(pi,0,Yi,0) and (ps,9;) is proportional to the distance between (p;.0,¥:,0)
and the curve of maxima. Thus, such configuration is unstable.
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6.3.1 (AR-1): Maximize the Speed

Recall that, by Theorem 6.2.10, all equilibria for outgoing roads must belong
to the line y = p. The analysis of all equilibria is very complicated, hence we
prefer to treat in detail only some significant cases. We also consider all the
general case when n =m = 2.

We have some different possibilities.

1. (pj0,950) € D, for every j € {n+1,...,n+m}. Therefore, the maximiza-
tion problem (6.2.15) implies that (p;.0,9i,0) € Dy for every i € {1,...,n}. In
this case, by (6.2.10) and (6.2.11), we deduce that: for incoming roads

2; = [ani,o - Pzarl} ,

1L‘H
vy
0,v| —= .
7<7+1) ]

If we denote by d;0 = vi,0 — pzarl for every i € {1,...,n} and by 0,0 :=

while for outgoing ones

Q; =

Yj,0 — p},ng for every j € {n+1,...,n+m}, then clearly (01,0,...,0n,0) is the
solution of the maximization problem (6.2.15) and

(Ons1.05 5 Ongmo) = A+ (61,0,--,0n0)7.

The hypothesis y;0>(y + l)p;’gl for every j € {n+1,...,n + m} has the

following two consequences. Firstly, d;0 < sup{2; and hence the outgoing
roads give no constraint for the maximization problem (6.2.15). Secondly, by
claim 1, the outgoing roads cannot be perturbed by waves with negative speed.
Consider a perturbation produced by a wave of the first or second family from
an incoming road I; connecting (p;, ;) with (p; 0,¥:,0). The possible density
fluxes are in the set

m:@@—ﬂ“}

1 a+1 - a+1
ol yl Y

0, — =

7<7+1> (m) ]

in the other case. Since the outgoing roads are not constraints for the maxi-
mization problem (6.2.15), we may suppose the following, provided the per-
turbation is sufficiently small:

if (ﬁi»ﬂi) € D;, while

0=

(a) the new maximum point for (6.2.15) is

1 Syl 1
(015.-.,0n) 1= (y1,0—PY,J6 SN a~~~7yn,0_p;y;(r))
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if (ﬁl,gl) € Dy, while

y+1 y+1
~ ~ 1 e gl e
(51;-"7577,) I:<y1’0—p¥zl,...,’y<m> (p?) ,...,yn,o—Pij)l).

in the other case;

(b) the solution (0p41,---,0ntm) defined by

(Ongts s Opgm)t = A (61,...,60)7

satisfies . _
0; < sup {2
for every j € {n+ 1,...,n + m} (the outgoing roads do not become

constraints for the maximization problem (6.2.15));
(c) there exists a positive constant C' such that

n+m
[(Pi, i) — (pi i) | + Z 1(P3:85) = (pj.0, 95,0l < Cl(pisyi) — (Pis Gi)l -
j=n+1

Moreover in outgoing roads waves of the first family are produced, while in
incoming roads no waves are produced except in the I; road.

The conclusion is that this kind of equilibrium is stable under small per-
turbations.

2. (pi0,Yi0) € D, for every i € {1,...,n} and (pj;0,y;0) € D2 for some
j€{n+1,...,n+m}. This is an unstable equilibrium. In fact, let I;, be the
outgoing road with the property y;, o<(y + l)p;:é . It is possible to consider
a perturbation generated by a wave of the first family connecting (p;, 0, ¥j,,0)
with (5;,,7;,) such that

sup §2;, < sup 2,

where ﬁjl is defined as in (6.2.12) for the state (p;,,%;,). In this case the
maximization problem (6.2.15) produces a flux in an incoming road I;, which
is strictly lower than sup §2;, hence the final state jumps into the region Ds.

3. (pio,Yi0) € Dy for every i € {1,...,n} and (pj0,Yj0) € D, for every
je{n+1,...,n+m}. The fact that y; o<(y+ l)ng1 for every i € {1,...,n}
implies that &, 0 := yi0 — ngl < sup {2; for every ¢ € {1,...,n} and hence
the incoming roads are not constraints for the maximization problem (6.2.15).
Therefore we have stability for perturbations by waves from incoming roads.

Instead the perturbation of an outgoing road in general produces a vari-
ation of the maximization problem (6.2.15), since by hypotheses d;0 :=
Y0 — pﬁ;l = sup{2; for every j € {n+1,...,n + m} (all the outgoing
roads are constraints for the maximization problem (6.2.15)).
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First of all, let us consider the case m > n. The maximum for (6.2.15) is
determined only by n constraints. Consider a wave of the first family in an
outgoing road I; connecting (pj.0,¥y;0) With (p;,7;) € D,. We denote by (2
the set defined by (6.2.12) where (5;, g;) is the initial state. If sup .QJ > sup £2;,
then the maximum for (6.2.15) does not vary, but the I; road is no more an
active constraint since d; < sup §2;. Then the final state (p;,9;) € D1 and the
equilibrium is unstable.

Now let us consider the case m = n. We consider a perturbation in an
outgoing road I; by a wave of the first family connecting (pjo0,y;j0) with
(pj,7;). If the perturbation is sufficiently small, then we may suppose the
following:

(a) the new solution (81, ... ,d,) of the maximization problem (6.2.15) satisfies
b < sup §2; forevery i € {1,...,n} (the incoming roads are not constraints
for the maximization problem (6.2.15)) and the final states (p;, 7;) in the
incoming I‘O&db belong to DQ,

(b) 5 =g; — p , the fluxes for the other outgoing roads remain the same
and the final state (p5,9;) in the I; outgoing road coincides with (9, 7;);

(c) there exists a positive constant C' such that

n

> 1(pi0:yio) = (5i, 5i)] < Cl(p.0syi0) — (s )]

i=1

Therefore the equilibrium is stable.
We may summarize all these results in the following.

Theorem 6.3.2. If (pj0,yj0) € D, for every j € {n+1,...,n+m}, then
the equilibrium is stable. )

If m =n, (pi0,Yi0) € D2 for everyi € {1,...,n} and (p;.0,Y;,0) € D2 for
every j € {n+1,...,2n}, then the equilibrium is stable.

Consider now the generic case for m = n = 2. For generic we mean that
the active constraints are given exactly by two roads and the states belong to
Dl and DQ.

1. (p1,0,91,0) € Dy, (p2,0,42,0) € Dy, (p3,0,Y3,0) € Dy, (P4,0,Y4,0) € D;. This
case is covered by the previous theorem.

2. (p1,0,y1,0) € D1, (p2,0,Y2,0) € D2, (p3,0,y3,0) € D2, (p1,0,¥1,0) € D1. In
this case the active constraints are given by the roads I; and I5. By claim
1, we know that the datum (pa,0,%4,0) can not be perturbed. Consider a per-
turbation produced by a wave of the second family connecting (pe, §2) with
(p2,0, Y2,0)- If the strength of the wave is sufficiently small, then the maximiza-
tion problem (6.2.15) admits the same maximum point. Therefore no change
happens in road I; and I3, and

|(P2, J2) — (P2, 02)| + [(pa,0,Y4,0) — (Pa, Ga)| < C (P2, 02) — (p2,05Y2,0)! ,
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where C' is a positive constant and (p2,92) and (p4, 94) are the final states
respectively in roads Is and Iy.

Consider now a perturbation produced by a wave connecting (51, ¢1) with
(p1,0,Y1,0)- We may suppose the followings, provided the perturbation is small:

(a) the active constraints remain the roads I1 and Is;

(b) the final state in I3 is (p3,93) = (p3,0,¥3,0), while in Iy is (p1,91) =
(P1,91);

(¢) for some C' > 0 we have

|(P2, 92) — (02,0, y2,0)| + |(P1,0,Ya,0) — (Pa, §a)| < C|(p1,91) — (p1,0,¥1,0)| 5

where (p2, §2) and (p4, §4) are the final states respectively in roads I and
1.

The case of a perturbation in I3 is completely similar. Therefore this equi-
librium is stable. The other cases, in which the active constraints are given by
an incoming road and an outgoing road, are similar to this one and so stable.

3. (p1,0,41,0) € 70327 (p2,0,Y2,0) € 7032, (p3,0,¥3,0) € 752, (p1,0,Y4,0) € 752. This
case is covered by the previous theorem.
We conclude with the following.

Theorem 6.3.3. Let J be a junction with 2 incoming and 2 outgoing roads.
A generic equilibrium is stable.

6.3.2 (AR-2): Maximize the Density

By Theorem 6.2.13, we know that all equilibria in outgoing roads must be
in the region Ds. We notice that the instability for the equilibrium for the
Riemann problem at J happens when there is a jump in incoming roads from
the region 1091 to the region 252.

We have some possibilities.

1. (pio,yi0) € D, for every i € {1,...,n} and yjo = pjo for some j €
{n+1,...,n+ m}. This implies that §; ¢ := y; 0 — ngl = sup {2; for every
ie{l,...,n}and ;o := yj,o—p;”gl < sup §2; for every j € {n+1,...,n+m}.
Moreover there exists j; € {n+1,...,n+m} such that §;, o = sup §2;,. This
means that all the incoming roads and at least one outgoing road give a
constraint for the maximization problem (6.2.15). This fact implies that the
equilibrium is unstable. Indeed consider an incoming road I; and a wave of the
first family connecting (p;, ;) with (pi 0, ¥:,0) such that the set (2;, defined as
in (6.2.10) for the state (p;, 9;), strictly contains §2;. There are at least n active
constraints, so the point of maximum does not change and, if the perturbation
is sufficiently small, then we produce a jump on the road I;.

2. (pi0,Yi0) € D, for every ¢ € {1,...,n} and y;0 < pjo for every j €
{n+1,...,n+m}. Define n as
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= min su _Q‘—( - 7“'1)},
g je{n+1,m7n+m}{ P24 Yi =Py

then, by hypotheses we have that n > 0. Assume that a wave of the first
family on an outgoing road I; connecting (p;o0,¥;j,0) with (p;,7;) arrives to
J. If the perturbation is sufficiently small, then the new set {2; defined as in
(6.2.12) with the new state (p;, y;) satisfies

sup £2; — sup §2;| <

VRS

and this implies that the maximization problem (6.2.15) remains unchanged.
Then only a wave of the second family on I; connecting (4;,%;) with (p;, 7;)
is created. Moreover if the perturbation is sufficiently small, then

[(h5,85) — (B3 U5)| < Cl(pj0:Ys0) — (s 5)! s

where C' is a positive constant. Now, suppose that a wave connecting (p;, 7;)
with (ps,0,¥:,0) arrives at J. Assume first (p; 0, yi0) € Di. If the perturbation
is sufficiently small, then:

(a) the new solution of the maximization problem (6.2.15) is given by

(51,0 = :‘/170 — pﬂl}/:gl, ey Si, ey 5n70 = yn70 — p:;:gl)
with 6; := i — ﬁfrl and the final state (p;,9;) is equal to (0, 7;);
(b) the solution

Ontts -y Ongm) " = A+ (81,0, 01y 0n0)T

satisfies Sj < sup £2; for every j € {n+1,...,n+m}, the final states (p;, §;)
are such that g; < p; for every j € {n+1,...,n+m} (the outgoing roads
are not constraints for the maximization problem (6.2.15)) and

n+m

> B35 95) = (p3.0:5.0)l < Cl(Bis §i) — (pios vi0)]
j=n+1

for some C positive constant.

If, on the contrary, (p;o0,¥i0) is on the curve of maxima, then

Si — 5@0‘ is
proportional to the incoming wave, (p;, ;) is on the curve of maxima, (b)
holds and we conclude similarly. So the equilibrium is stable.

3. (pio, yio) € Dy forevery i € {1,...,n}, and y;0 = pjo for at least n indices
j€{n+1,...,n+m}. Define

n:= min {Sup 2; — (yz - p;’H)} .

i€{l,...,n}
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If from an incoming road I; a wave connecting (p;, ¢;) with (p; 0, ¥i0) arrives
at J, then the new set (2;, defined as in (6.2.10) for the state (p;, 7;), satisfies

sup £2; — sup £2;| < g
provided that the perturbation is sufficiently small. Thus the maximization
problem (6.2.15) remains unchanged and only a wave of the first family con-

necting (p;, §;) with (p;, ;) is created. Moreover,
|(ﬁiagi) - (ﬁiaﬂi)' < C |(Pi,yi) - (ﬁi?ﬂi)' )

where C' is a positive constant.

A similar case happens if the perturbation is on an outgoing road I; with
Y5,0 < pj,0-

Now, consider a wave connecting (p;.0,y;,0) with (4;,7;) on an outgoing
road I; with y; 0 = p;0. For the maximization problem (6.2.15), the active
constraints remain the same. Waves are produced only in incoming roads and
on outgoing roads that give no active constraints. Then

n+m

> 1(pi i) = (pios wi0)| < C (B35 55) — (.0, 950)]
i=1

where C' is a positive constant. Thus the equilibrium is stable.
Putting together all the previous results, we obtain the following.

Theorem 6.3.4. If (pio,yi0) € D1 for everyi € {1,...,n} and y;0 < pjo
for every j € {n+ 1...,n+ m}, then the equilibrium is stable.

If (pi0,yi0) € Do for every i € {1,...,n} and y;0 = pjo for at least n
outgoing roads, then the equilibrium is stable.

Consider now the generic case when m = n = 2. Generically the states
in outgoing roads belong to the region y < p, hence the outgoing roads are
not constraints. Therefore there is only one generic case: the incoming roads
are constraints for the maximization problem (6.2.15). So this is a stable
equilibrium by Theorem 6.3.4 We deduce the following theorem.

Theorem 6.3.5. Let J be a junction with 2 incoming and 2 outgoing roads.
A generic equilibrium is stable.

6.3.3 (AR-3): Minimize the Total Variation

Notice that, in this case, the instability for the equilibrium happens when
there is a jump in incoming roads from the region D; to the region Dy. We
have some possibilities.
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1. For every index j € {n+1,...,n+m}, (pj0,¥0) € P\{(p;y) : p=y,p >
(#)1/@' Then (pi,0,%i,0) € D1, ¥i0 —pzarl = sup {2; for every i € {1,...,n}
and y;0 — ngl < sup §2; for every j € {n+1,...,n 4+ m}. Define

= min su Q-—( 0 — 7+1)}.
K je{n+1,...,n+m}{ PR W0 = o

Assume that a wave connecting (p;,0,%;,0) with (p;, ;) reaches J. This may
happen only if (pj0,y;0) € D2. If the wave is sufficiently small, then

‘sup (NZj — sup Qj) <

N3

which implies that the maximization problem (6.2.15) remains unchanged.
Only a wave connecting (p;,9;) with (p;,7;) is created. Moreover, if the per-
turbation is small, then

[(h7,95) — (B3> U5)| < Cl(pj0:Ys.0) — (s Us)! s

with C positive constant. Now, consider a wave connecting (p;, ;) with
(pi,0,Yi,0) on the incoming road I;. If the perturbation is sufficiently small,
then the maximization problem (6.2.15) has the following solution:

(51,0; <. '75i7 .- 'a(sn,())a

with 51' = sup f)i and ;0 = Y10 — ngl. Moreover the fluxes of the density
in the outgoing roads change in a continuous way with respect the strength
of the perturbation. Thus this equilibrium is stable.

2. (pi0,¥i0) € Dy for every i € {1,...,n} and y;0 = pjo, (£,0,Y50) € D2
for some j € {n+1,...,n+ m}. This is an unstable case. In fact, if a wave
on an incoming road I; reaches J, in such a way the set (2; increases, then
the maximization problem (6.2.15) admits the same point of maximum (at
least one outgoing road is an active constraint) and a jump happens in the
incoming road I;.

3. (pi,ani,O) € Ds for every i € {1, .. .,n} and Yj,0 = Pj,0, (pj70,yj,0) € Ds for
at least n indices j € {n+1,...,n 4+ m}. The active constraints are given by
the outgoing roads. For small perturbations these are again the only active
constraints. Thus the equilibrium is stable.

Putting together all the previous results we have:

Theorem 6.3.6. If (p;0,vi0) € D1 for every i € {1,...,n} and if, for every
.j € {TL + 17 R m}; (pj,Ovyj,O) €D \ {(pa y) p=Yp 2 (#)1/7}7 then
the equilibrium is stable.

If (pio,yi0) € D2 for every i € {1,...,n} and yjo0 = pjo, (pj0,Yj0) € D2
for at least n indices j € {n+1,...,n+ m}, then the equilibrium is stable.
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Consider now the generic case when m = n = 2. As in the previous
subsection, the outgoing roads are not constraints. Therefore there is only
one generic case: the incoming roads are constraints for the maximization
problem (6.2.15). So this is a stable equilibrium by Theorem 6.3.6 We have
the following theorem.

Theorem 6.3.7. Let J be a junction with 2 incoming and 2 outgoing roads.
A generic equilibrium is stable.

6.4 Existence of Solutions to a Cauchy Problem

This section deals with the existence of solutions to a Cauchy problem in
a road network with only one junction J and n incoming and m outgo-
ing roads. Fix a road network with this property and a stable equilibrium
((p1,0,Y1,0); - - - » (Prtm,0s Yn+m,0)) for the Riemann problem at J for one of
the additional rules (AR-1),(AR-2) or (AR-3). Assume the following hypoth-
esis:

(H) there exist ki,k2 € {1,2} such that (p;0,%:i0) € YDDkl for every 7 €

{1,...,n} and (p;0,Yj,0) € Dy, for every j € {n+1,...,n+m}.

By the analysis of the previous section, the following proposition holds.
Proposition 6.4.1. There exists a positive constant C' such that, if a wave in
an incoming road I; connecting (p;, y;) with (pio,yi,0) arrives at J and if the

wave has sufficiently small total variation, then the solution to the Riemann
problem at J ((p1,91),- - (Pntm, Un+m)) has the following properties:

1. if (pro,y10) € D; for somei € {1,2} andl € {1,...,n+m}, then (p1,91) €
Dl;
2. we have:

n+m

> 1 3= (pros yio)l + 1(is §3) = (Bi 5i)| < C|(Bis ) — (pi0, yi0)] -
I=1,1#i

The same holds for a perturbation on an outgoing road.
Under assumption (H) we can prove the following theorem.

Theorem 6.4.2. Assume (H), then there exists € > 0 such that the following
holds. For every initial datum

((p1,0(7),y1,0()), - - -5 (Prtm,0(T), Yn+m,0(7)))

with
[(pr0(2), yr0(x))ll gy < e
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and
sup |pro(®) — prol + sup |yo(z) — ol <e
z€(ar,bi) z€(ar,br)
for every l € {1,...,n+m}, there exists a solution

((pl (tv 33), Y1 (tv Jﬁ)), SRR (pn+m(t7 x)v Yn+m (tv .73))),
defined for every t > 0, such that

1. (p1(0,2),y:1(0,z)) = (pro(z),y1,0(x)) for a.e. x € I; and for every | €
{1,...,n+m};

2. (pi(t,z), yi(t, x)) is an entropic solution to (6.1.1) on each road I;;

3. for a.e. t >0,

((pl (tv bl_)a 1 (tv bl_))a cees (pn+m(t7 an+m+); yn+m(t7 an+m+)))
provides an equilibrium at J.

Proof. We consider a wave-front tracking approximate solution on the net-
work; see Chapter 4. Notice that the system is locally rich near the constant
solution. So, by Theorem 4.3.11, a wave-front tracking approximate solution
exists in the network for every positive time. For every ¢t > 0, we denote by
(z%,0%) and (2}, 0?) the positions and strengths in the road I; of all waves re-
spectively of the first family and of the second family, where k and [ belong to
some finite sets of indices. For every road I;, we consider the two functionals

Vit) =D loi] + > 16i]

and

Z |ak91| + Z |akak/

Z<I

which are the classical components of the Glimm functional (notice that the
second family is linearly degenerate, hence in the functional @; interactions
between waves of the second family do not appear). We introduce also a

functional V measuring the strength of waves approaching J. If i € {1,...,n},
then define
‘Z(t) . {Vl(t)a f(p107y10) EDla
Zl|91| pz 05 Yi, 0) EDQ
For an outgoing road I;, we put
‘7(t) O f(p107yJO)ED17
T Zk’ffk’» if (pj,0,9j0) € Do.

Define V(t) := Y10 Vi(t), Q(t) == Y107 Qi(t) and V(t) = 1" Vi(t).
We claim that there exist two positive constants C; and C3 such that the
functional
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T(t) :=V(t) + C1V(t) + C2Q(1)

is decreasing in time.
Assuming this, for every t > 0,

T (t) <7(0) = V(0) + C1V(0) + C2Q(0)
< V(0) + C1V(0) + CoV3(0)

and, since 1" is equivalent to the total variation as norm, then the total vari-
ation of the approximate wave front tracking solution remains bounded for
every t > 0, hence we have the conclusion by standard compactness argu-
ments.

We prove now that 7 is decreasing in time. Clearly 7" changes only at
times where two waves interact or a wave approaches J. If at a time 7 > 0
two waves interact in a road I;, then, by standard estimates (see [19]), we
have

AV;(1) < C - product of strength of waves,
AVi(1) < C- product of strength of waves,
AQi(r) < — product of str2ength of waves, (6.4.20)
for some C' > 0, provided that V is sufficiently small. If
Soonro, (6.4.21)

then AY < 0 when waves interact in the roads. Consider now an interaction
of a wave with J. For simplicity we assume that a wave of the second family
(z},0}) arrives at J from the incoming road I; at time 7. The other cases are
completely similar. By Proposition 6.4.1, we have that:

AV(r) < Clof|, AQ(r) < Clo|V(r—),

and

AVi(r) = — |6}, AVi(r)=0 fori#1.

Therefore AV(T) =— ‘9;1f| and
AY(1) < C|0}] = C1 |04] + C2C |0} V (7).

It
C1>C+CCLV, (6.4.22)

then AY < 0 when a wave interacts with J.

Fix C; > C. Then it is possible to take Cy satisfying (6.4.21). There exists
0 > 0 depending on C; and Cy such that, if V' < §, then (6.4.22) and (6.4.20)
hold. As long as V' < 4, then 7 is decreasing, thus
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V(t) < T(t) < T(0) = V(0) + C1V(0) + C2Q(0)
< (14 C)V(0) + CV2(0) < C3 - V(0),

for some constant C3 > 1. Choosing ¢ = m, we have that V(0) <
thus V(¢) < § for every ¢t > 0. So we conclude the proof.

O &

6.5 Open Problems

Problem 6.5.1. Existence of solutions to a general Cauchy problem. The
main difficult in this direction is that the total variation, when there are waves
passing arbitrary near to the empty (0,0), may blow up. Another difficult is
that, in the domain D, the Aw-Rascle model is not a rich system.

6.6 Bibliographical Note

The Aw-Rascle model on a network was considered by Garavello and Piccoli
[47], by Herty and Rascle [65] and by Klar [76].

A network with the second order phase transition model was considered
also by Colombo and Garavello [31].

Appendix: Total Variation of the Flux

In the case of a road network where the Lighthill-Whitham-Richards scalar
model is considered in each road, if every junction has exactly 2 incoming
and 2 outgoing roads, then an increment of the total variation of the flux can
happen only when a wave on an outgoing road interacts with the junction; see
Chapter 5. Here the situation is different since there are cases in which the
total variation of the flux of the density strictly increases after an interaction
of a wave from an incoming road, even if we are considering a junction with 2
incoming and 2 outgoing roads. In fact, consider a junction J with I; and I
incoming roads and I3 and Iy outgoing roads. Moreover suppose v = 1 and
the matrix A defined by
A= ( ) |

(61,0,02,0,03,0,04,0) = (1/8,1/8,5/48,7/48).

03,0 01,0
o) —a.(0r0),
() = (52)

Wy Wl
N[= N

Consider the point

It is clear that
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We show that there exists an equilibrium configuration with 6, ¢ as density
fluxes. In I; we consider the point on the curve of maxima

( ) = 1 1
£1,0,Y1,0) = 2\/5,4

so that £2; = [0,1/8] and y10 — pi, = 1/8. In road I we consider a point
(p2,0,y2,0) such that ya0 — p3 5 = 1/8, y2,0 < 2p3 ¢ and 3 < sup 2. In road
I3 we consider the point

1+4/15 144/
2 72

(/33,07 y3,0) =

and so % =y3,0— P%,o = sup {23. Finally in Iy we consider a point (p4,0,¥4,0)

such that y4,0 — pio = 4—78 < sup {24. Notice that for every additional rule,
it is possible to choose (pa,0,¥4,0) such that ((p1,0,y1,0),---,(p4,0,Y4,0)) is an
equilibrium for the Riemann problem at J. For this equilibrium, the active
constraints are given by roads I; and I3.

We perturb the equilibrium with a wave of the second family connecting
(p1,91) with (p1,0,y1,0) such that the set 21, defined as in (6.2.10) for the
state (p1,91), is equal to [0,1/8 4 €], where ¢ is a small positive parameter.
This is possible by taking

1 47 Llge 4 1
g te 8 g Te

The new solution of (6.2.15) is given by
(81,09,03,04) = (1/8 4 ¢,1/8 — 2¢/3,5/48,7/48 + £/3).

Therefore the total variation of the first component of the flux after the in-
teraction is given by

‘51 - 51‘ + ‘32 - 52,0‘ + ‘53 - 53,0‘ + ‘54 —54,0‘ =

N 2 € 1
:51—51+§€+§=§—51+2€,

where 81 = y; — p? < 51. Instead, the total variation of the first component
of the flux before the interaction is given by

1
|01 — 10| =01 — 3’
and so an increment of the total variation of the density flux happens, since
51 < (51 = 1/8+€






7

Source Destination Model

This chapter deals with an extension of the LWR model on a network including
sources and destinations, that are, respectively, areas for which cars start their
travels and areas where they end. Thus, on each road, we consider the car
density p and a vector m describing the traffic types, i.e. the percentages of
cars going from a fixed source to a fixed destination. We assume that each car
has a precise path inside the network. Such paths determine the behavior at
junctions via the coeflicients 7. For the evolution of the density p, we use the
fluidodynamic model proposed by Lighthill, Whitham and Richards, while the
evolution of 7 follows a semilinear equation of the type

7 + v(p)my = 0. (7.0.1)

This is obtained assuming that the velocity of cars depend only on the density
and not on the traffic type. The fluxes of the Riemann solver of Chapter 5
are not continuous with respect to the traffic types 7. Then we propose a new
Riemann solver to overcome this difficulty and prove existence of solutions for
Cauchy problems with initial data which are perturbations of equilibria.

7.1 Basic Definitions

In this section we introduce the basic notation for the source-destination
model. Let us start with the definition of SD-road network.

Definition 7.1.1. A SD-road network is a 7-tuple
(Z,F7,79,5,D,R,P)

where:

Edges: T is a finite collection of intervals, called roads, I; = [a;,b;] C R,
i=1,...,N;
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Fluzes: F is a finite collection of fluzes f: [0, pi,..] — R;

Junctions: J is a finite collection of subsets of {£1,...,+N}. Ifj e J € J,
then the road I); is crossing at J as entering road (i.e. at point b;) if
j > 0 and as exiting road (i.e. at point a;) if j < 0. For each junction
J € J, we indicate by Inc(J) the set of incoming roads, that are I;’s such
that i € J and i > 0, while by Out(J) the set of outgoing roads, that are
I;’s such that —i € J and ¢ > 0;

Sources: S is a finite subset of {1,..., N}, representing roads connected to
traffic sources;
Destinations: D is a finite subset of {1,..., N}, representing roads leading to

final destinations;

Traffic distribution functions: R is a finite collection of functionsry : Inc(J)x
S x D — Out(J);

Right of way parameters: P is a finite collection of vectors Py € R! and | =
fInc(J) — 1.

The previous definition introduces some new concepts: sources, destina-
tions, traffic distribution functions and right of way parameters. The mean-
ings of roads, fluxes, junctions, sources and destinations are clear. Each traffic
distribution function r; indicates the direction at the junction J of traffic
that started at source s and has d as final destination. Notice that we need
Inc(J) # 0 and Out(J) # 0 in order r; to be well defined, and we give addi-
tional conditions later to have a suitable network. The right of way parameters
determine a level of “importance” at the junctions for incoming roads.

On each road I; of the network, consider the evolution equation

pi+ 1 (p")e = 0. (7.1.2)

Hence the datum on the network is given by a finite collection of functions
pt o [0,4+00[xI; — [0,pl..), i = 1,...,N. We require entropy-admissible
solution to equation (7.1.2); see Chapter 2 and Chapter 5.

At sources and destinations, we assume that boundary data are assigned and
the solution is interpreted in the sense of [15].

7.1.1 Traffic Distribution at Junctions

The evolution of car densities p’ is thus described on roads and at sources
and destinations. To treat the evolution at junctions, we introduce some def-
initions.

Fix a junction J and assume for notational simplicity that Inc(J) =
{1,...,n} and Out(J) ={n+1,...,n+m}.

Definition 7.1.2. A weak solution at the junction J is a collection of func-
tions pi : [0, +o00[xI; — [0, pimm], i=1,...,n+m, satisfying

n+m +o00 b
Y 10¢ i1
! I _
;:0 (/0 /al <p ot T fp )—(% ) dxdt) 0 (7.1.3)
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for each o1, ..., Pntm sSmooth having compact support in |0, +o0o[xR, that are
also smooth across the junction, i.e.

i dp;
‘Pi('abi)zgoj("aj)a Oz (7b1): a—wj('vaj)v

foreveryi=1,...,n,andj=n+1,...,n+m.
Definition 7.1.3. A traffic-type function on a road I; is a function
7t 1 [0, 00[x [as, b;] x S x D — [0,1]

such that, for everyt € [0,00[ and x € [a;, by,

Z mi(t, x, s,d) = 1.

s€S,deD

Hence 7(t, x, s, d) specifies the amount of the density p(t,z) that started
from source s and is moving towards the final destination d.

Let us now show how a solution at the junction J is constructed using 7 and
r;. Fix a time ¢ and assume that for alli € Inc(J), s € Sand d € D, 7i(t, -, s,d)
admits a limit at the junction J, i.e. left limit at b;. For ¢ € {1,...,n},
je{n+1,...,n+m}, set

Qi = Z 7 (t, bi—, 5, d). (7.1.4)

s€S,deD,ry(i,s,d)=j

Notice that a;,; is the amount of the density p® that flow towards road I;.
From the definition of traffic-type functions we get:

a5 € [O, 1], Z Qg = 1.

FE€OuUL(J)

The fluxes f/(p?) to be consistent with the traffic-type functions must
satisfy the following relations:

P a+)) = Zaj,ifi(pf(-,bi—», (7.1.5)

for each j = n + 1,...,n + m. However this is not sufficient to determine a
unique solution. Hence we introduce the concept of admissible weak solution,
using also the right of way parameters.

Definition 7.1.4. Let p = (p*,..., p"t™) be such that pi(t,-) is of bounded
variation for every t = 0. Then p is an admissible weak solution at the
junction J related to the matric A and to the right of way parameters
P;=(p1,.--,Pn-1) € R’j_—l if and only if the following properties hold:
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(i) p is a weak solution at the junction J;

(“) fj(pj(a a]+)) = Z ajyifi(pi(" bl_))f fO’I" eG‘Chj =n+1,.,n+m;
i=1

(i) the functional

C2 Z fl(pl(’ bi_)) -G [diSt((fl(pl(" bl_))v EERE fn(pn(" bn_)))vr)}Q

is mazimum subject to (i), where c1 and co are strictly positive constants,
and dist(-,7) denotes the euclidean distance in R™ from the line r, which
is given by

Tn = P171,

TYn = Pn—1Yn—1-

Remark 7.1.5. Conditions (i) and (ii) do not suffice to solve Riemann prob-
lems at junctions in a unique way. Thus one has to impose some modelling
assumptions. A further possibility could be to impose

(fl(pl('a bl_))7 SRR fn(pn(_, bn—))) er

and then to maximize with respect to a free parameter. Unfortunately this
choice is not realistic. In fact, let us consider a simple junction with 2 incom-
ing roads and 1 outgoing road. If the outgoing road and one incoming road
are empty, then just the origin in the (71, 72) plane satisfies the previous con-
ditions. Therefore for this model, no car passes through the junction, which
is clearly anti intuitive.

If we substitute property (iii) of Definition 7.1.4 with the following

(iii") > fiU(p'(-,b;—)) is maximum subject to (ii),
i=1

i.e. we are considering the same solution as in Chapter 5, then uniqueness is
not granted. In fact the condition (C) in Chapter 5, necessary for uniqueness,
may fail. Moreover, with this choice, the solution for the fluxes does not depend
in a continuous way by the matrix A, which on the contrary is the case for
our quadratic maximization.

7.1.2 Evolution Equations for Traffic-Type Functions

We assume the followings. Inside each road I;, cars move at some averaged
speed v* that depends on the local density p'. Moreover v* is independent
from 7. In this case the flux function is given by:

Fip") =" (p") p"-

If z(t) denotes a trajectory of a car inside the road I;, then we get
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7t (t, 2(t), s,d) = const.

Taking the total differential with respect to the time, we deduce the semilinear
equation: ‘ ‘ o
om'(t,x, s,d) + 0y (t, x, s,d) - v* (p*(t,x)) = 0. (7.1.6)

This equation is coupled with equation (7.1.2). More precisely on road I; equa-
tion (7.1.6) depends on the solution of (7.1.2), while in turn at junctions the
values of 7! determine the traffic distribution on outgoing roads as explained
in the previous section.

7.1.3 Admissible Networks and Solutions

Let us now give some admissibility conditions on the network.

Definition 7.1.6. A network (Z,F,J,S,D, R, P) is admissible if the follow-
ing conditions hold.

1. Each f* € F is given by fi(p') = v'(p?)p?, where v*, the velocity field, is
smooth, strictly decreasing, and vi(pt ) =0.
2. Each f* € F is a smooth strictly concave function with

F10) = f (Phyaz) =0

Thus there exists a unique o* €0, pi, .| global mazimum with (f*)'(o?) =
0.
3. Fach i € {£1,...,£N} belongs to at most one J € J.
4. For each i € {1,...,N}, exactly one of the following cases happens:
a) there exists J € J such that i € JNS;
b) there exists J € J such that —i € J and i € D;
c) there exist J,J' € J such that i € J and —i € J'.

5.8ND=0.

6. For every J € J, Py €]0,+oc[!, where | = #Inc(J) — 1.

7. For every s € S and d € D, the functions rjy determine a unique path,
that is a finite sequence of roads-junctions Iy, Jy,, -+, Ii, Ji,, Iy ., such
that

a) il =S, ik+1 = d,‘

b)in € Inc(Jy,) for every h € {1,...,k};

c) i, #J,, forevery h,h' € {1,... .k}, h#N;
)y, (in,s,d) =iny1 for every h € {1,... k}.

Remark 7.1.7. The first two conditions in the previous definition are needed
to have consistency to the model. In particular we assume that the speed of
cars is decreasing with respect to the quantity of cars in roads and is equal
to zero when the density is maximum; hence the flux must be zero if the
density is maximum. For some traffic model v* may explode at 0. Moreover



166 7 Source Destination Model

the concavity condition of the flux implies that the speed of p-waves may vary
in the interval [f%'(pi,...), f* (0)].

Conditions 3. and 4. imply that each road is connected at least with one
junction and that each road either can be connected with a source and a
junction, or can be connected with a destination and a junction or finally can
be connected with two junctions.

Condition 5. ensures to avoid path triviality.

Condition 6. gives admissible weights for priorities of incoming roads of
junctions.

Finally condition 7. implies existence and uniqueness for paths connecting
each source and each destination.

Given an admissible network we have to specify how to define a solution
in relation to sources, destinations and junctions.

Definition 7.1.8. Consider an admissible network (Z,F,J,S,D,R,P). A
set of Initial-Boundary Conditions (briefly IBC) is given assigning measurable
functions p* : I; — [0,p%,..], @ ¢ [a;,bi] x Sx D — [0,1], i = 1,...,N and
measurable functions * : [0, +00[— [0, p,..], i € SUD with the property that
for every s € S and d € D, 7(-,s,d) = 0 whenever I; does not belong to the
path for the source s and destination d defined at the point 7 of Definition 7.1.6

Definition 7.1.9. Consider an admissible network (Z,F,J,S,D,R,P) and
a set of IBC. A set of functions p = (p*,...,p") with p* : [0, +oc[x[; —
[0, ] continuous as functions from [0, +oo| into L, and IT = (x1,...,7V)
with 7 : [0, +0o[xI; x S x D — [0, 1], continuous as functions from [0, +oo]
into L' for every s € S,d € D, is an admissible solution if the following
holds. Each p* is a weak entropic solution to (7.1.2) on I;, p*(0,z) = p*(z) for
almost every x € [a;, b;], p'(t,a;) = V'(t) if i € S and p'(t,b;) = Yi(t) ifi € D
in the sense of [15]. Each ©* is a weak solution to the corresponding equation
(7.1.6). Finally at each junction p is a weak solution and is an admissible
weak solution for I in case of bounded variation.

Regarding sources and destinations, the treatment of boundary data in
the sense of [15] can be done in the same way as in [3, 5]. Thus we treat the
construction of solutions only inside the network.

7.2 The Riemann Problem

Consider a junction J in which there are n roads with incoming traffic and m
roads with outgoing traffic. For simplicity we indicate by

(t,x) € Ry x I; v pi(t,x) € 0,08 00), i=1,...,m, (7.2.7)

the densities of the cars on the road with incoming traffic and
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(t,z) € Ry x Ij — p(t,z) € [0,p0,,.], j=n+1,.,n+m, (7.2.8)

those on the roads with outgoing traffic.

Without loss of generality, we assume that the fluxes f, f7 (i € {1,...,n},
je{n+1,...,n+m}) are all the same and we indicate them with f. Hence
we assume pi. = pJ =1 and we have 0 = o* = 07 for every i € {1,...,n}
andje{n+1,...,n+m}.

Theorem 7.2.1. Let (Z,F,J,S,D,R,P) be an admissible network and J
a junction with n incoming roads and m outgoing ones. For every initial
data p1.0, .o, pnimo € [0,1], and 7t .. grtmsd c [01] (s € S, d € D),
there exist a unique admissible weak solution, in the sense of Definition 7.1.4,
p = (p*,....p" ™) and traffic-type functions (7*(-,-,s,d),..., 7" "(, -, s,d))
at the junction J such that

pl (Oa ) = P1,05--- »Pn+m(07 ) = Pn+m,0,
70, -, s,d) = 754, 7m0, s,d) = 7l (s € S,d € D).

Moreover for every i € {1,...,n} there exists p; such that the solution for
the density in I; is given by the wave generated by the Riemann problem with
initial data (pio, pi), while for every j € {n+1,...,n+ m} there exists p;
such that the solution for the density in I; is given by the wave generated by
the Riemann problem with initial data (5;, pj0)-

Moreover ' (t,-,s,d) = 7% for everyt > 0,i € {l,...,n},s€S,deD

and Cde
2o Gsdy=; T (i)

i (t,a;+,5,d) = ~ (7.2.9)
! £(55)
for everyt >0, j€{n+1,...,n+m},s€S,deD.
Proof. In R™, define r to be the linear subspace
Tn = P17,
: (7.2.10)
TYn = Pn—1VYn—1;

which is clearly a line in R™ by Definition 7.1.6 Consider the function
E : R™ — R defined by

E(y, .. ym) = 2> % — aldist((v, -, 7m), )], (7.2.11)

i=1

where dist(+, ) denotes the usual euclidean distance in R™ from r. Moreover,
as in Chapter 5, we define the sets

0, ::{[O’f(pi,O)L lfogpi,oﬁa, i=1,.

[Oaf(a—)]a ifO’gpLOgl’ Lo, n,
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0 ._{[O,f(a)], if 0 < pjo <o,
J =

0, F(ps0), if o <pro<1, I Leomdm
and

Q={(7, s ¥n) €2 X x 2yt A (71, Y0) T € Dt X X Qo b

(7.2.12)
where the entries «;; of the matrix A are given by (7.1.4). The set (2 is
clearly convex, compact and not empty. To define the solution to the Riemann
problem at J we have to solve the maximization problem

sup  E(y1,...,7n)- (7.2.13)
(71)"'77n)€‘0

Since E is a continuous function and {2 is a compact set, the maximiza-

tion problem admits a solution. Let us suppose that (41,...,9,) € 2 and
(A1, -+, 9n) € 2 satisty
EGt, o in) = EGr,oon) = swp E(yr,.oomm). (7.2.14)
(V1,1 ) ER

The Hessian matrix of E is clearly equal to the Hessian matrix of the
function

—cy [dist (Y1, -y ym)s 7)), (7.2.15)

since the term ¢ Y .~ ;v is linear. If (v4,...,v,) is an orthogonal system
where the first coordinate has the same direction of r, then the Hessian matrix
of (7.2.15) has the form

—2¢; , (7.2.16)

. Infl

0

where I, is the (n — 1) x (n — 1) identity matrix. Clearly (7.2.16) is a semi-
negative definite matrix. This analysis shows that if z1, 20 € R™, 21 # 22 and
the line through z; and z5 is not parallel to r, then

Bz + (1= Nza) > AB(21) + (1 — N E(22) (7.2.17)

for every A € (0,1).
Suppose by contradiction that (91,...,9n) # (31,--.,%). If the line
through these two points is parallel to r, then (7.2.11) and (7.2.14) give

c2y (i) =0
i=1
and so (%1,...,%) = (31, . .., 7n) since r intersects the hyperplane Y . | v; =
0 just in the origin. Therefore (7.2.14) implies that the line through the points
(A1, -+ 9n) and (31,...,7n) is not parallel to r and so (7.2.17) gives
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EQG, - An) + (L= N F1, -, 3))
SAE(A1, - Am) + (1= NEG, .., )
= sup  Ely,--y7)

(115--,7n) €N
for every A € (0, 1), which is a contradiction. Therefore (91, ...,4%x) is equal
to (1,.-.,%n), i.e. the point of maximum of E is unique.

For every i € {1, ...,n}, we choose p; € [0, 1] such that
y—a o J{Pio}UIT(pi0) 1], i 0 < pio <o,
f(pl)_717 Pi S {[0,7 1]7 if~0<pi70 < 1.

Assumptions on f imply that p; exists and is unique. Let
n

ﬁ]zzajlﬁ/l) j:n+15"'an+m7
i=1

and p; € [0,1] be such that

[07 0]7 if0< P3,0 <o,
{pj0} U0, 7(pj0)l: if o < pjo < 1.
Since (41, ..., n) € £2, p; exists and is unique for every j € {n+1,...,n+m}.
Solving the Riemann Problem on each road, the first claim is proved.
The speeds v’ of the traffic-type functions are positive; hence

7ri(t, os,d) = 7ri(0, o 8,d) = s
for every t > 0, ¢ € {1,...,n}, s € 8§, d € D. Finally, if ¢ > 0,
je{n+1,....,n+m} s €S8, de€ D, then 7/(t,aj+,s,d) is the percent-

age of p’(t,a;+) which corresponds to cars going from the source s to the
destination d. Therefore it corresponds to the ratio

DA ()

f(ps) ’
that is the quantity of cars going from s to d over the global amount of cars
in Ij. O

F6) = by e{

Remark 7.2.2. Notice that it may happen that a single road is the unique
constraint for the maximization problem (7.2.13). This is due to the fact that
the level curves of the function E are paraboloids and the solution to the
maximization problem can be given by the tangent point to a level curve of
FE with a face of the boundary of (2.

Remark 7.2.3. The solution to the Riemann problem at junctions is differ-
ent from that introduced in Chapter 5. Indeed, the solution of the Riemann
problem given in Chapter 5 requires the additional condition (C), necessary
for uniqueness, and that junctions have not two incoming and one outgoing
roads.

The choice of Chapter 5 is not good for this model for the following reasons.
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1. Since the matrix A is given by formula (7.1.4), to satisfy condition (C)
we would need to impose some assumptions on the traffic-type functions,
which are very technical and not meaningful from modeling point of view.

2. The solution to the Riemann problem at the junction does not depend in
a continuous way from the coefficients 7. Indeed a small variation on the
coefficients of A may create a big variation in the solution of a Riemann
problem.

On the contrary, the solution given here does not require condition (C) on
the matrix A and satisfies the property that small changes in the coefficients
of A produces small changes in the solution for the fluxes.

Remark 7.2.4. Clearly the solution to the Riemann problem at a junction
involves also the values of traffic-type functions, since they determine the
entries of the matrix A. More precisely, only the values of the traffic-type
functions in incoming roads influence the matrix A, while the values of the
traffic-type functions in outgoing roads are determined by the solution of the
Riemann problem for the density.

Remark 7.2.5. Condition 7 in Definition 7.1.6 imply that, for every Initial-
Boundary Condition and s € S, d € D, at most one i € {1,...,n} is such that
nt%d £ (). Therefore (7.2.9) can be rewritten in the following way: for every
se8S,deD,je{n+1,...,n+m}, there exists i € {1,...,n} such that

mf(pr)

Wj(t,aj+,s,d) = 75)
j

(7.2.18)

7.2.1 Junctions with two Incoming and two Outgoing Roads

Let us introduce the definition of equilibrium for a Riemann problem at a
junction and the definition of genericity for an equilibrium.

Definition 7.2.6. Let J be a junction with n incoming roads, say I1,. .., I,,
and m outgoing roads, say Ini1,--.,Intm, and let A be a fixed distributional
matriz at J.

We say that (p1,...,Pn+m) is an equilibrium at J if the solution to the
Riemann problem at J (p1,...,Pn+m) with the initial data (p1,..., Pntm)
coincides with (p1,. .., Pntm)-

We say that (p1,-- ., Pntm) s a generic equilibrium to the Riemann prob-
lem at J if the following two conditions are satisfied:

1. the set 2 defined in (7.2.12) s different from {(0,...,0)};

2. either the solution to the mazimization problem (7.2.13) belongs to the
interior of one faces of £2 or belongs to a vertex of 2 generated by the
intersection of exactly n faces of (2.
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Fix a junction J with two incoming roads I, I» and two outgoing ones I3
and Iy, consider a distributional matrix

A= <lfo¢lfﬂ) (7.2.19)

and suppose that « > [ and 0 < p; < 1. We study in detail equilibria (i.e.
constant solutions) for the Riemann problem at J when a single road is the
unique active constraint for the maximization problem (7.2.13). In this case
the function E : R? — R, defined by

E(y1,72) = ca(m + 72) — ea[dist((y1,72), 7)),

can be explicitly rewritten in the form

E(v,72) = (2 = p1m)* + c2(71 +72).- (7.2.20)

¢

1+p2

Dini’s implicit function theorem implies that the maximum (71, %2) of E
over {2 satisfies:

2
L. 2 =p17 + %, provided the road I; is the only active constraint;

2
2. Ao =p1y1 — (1; ’1’ ;)162, provided the road I, is the only active constraint;

2
3. 72 = p1 + %, provided the road I3 is the only active con-

straint;

2
4. o = p1y1 + %, provided the road I is the only active con-

straint.

Moreover the axis for the parabolas which are level curves of E in the
(71, 72) coordinates is given by the line

=iy + LR, (7.2.21)
201
Table 7.1 describes all the possible generic equilibria both for the Riemann
solver introduced in this chapter and for that in Chapter 5. Notice that equi-
libria with only one active constraint are not admissible for the Riemann solver
of Chapter 5. Moreover some other types of equilibria (3 and 7 in table 7.1)
are not admissible for the Riemann solver of Chapter 5.
If we impose conditions on f(c), then not all cases can happen as shown
by next results.

Lemma 7.2.7. If f(o) < 2631((1;’_:_%1)52251&), the equilibria 5, 7 and 10 in

table 7.1 can not happen.

If flo) < %, the equilibria 1, 8 and 8 in table 7.1 can not
happen.
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Active constraints|new Riemann solver|Riemann solver of Ch. 5
1 I yes no
2 11 and I» yes yes
3 I7 and I3 yes no
4 I and Iy yes yes
5 I yes no
6 I> and I3 yes yes
7 I> and I yes no
8 I3 yes no
9 I3 and I4 yes yes
10 n yes no

Table 7.1. equilibria for the Riemann solver introduced in this paper and for the
Riemann solver introduced in Chapter 5 when o > (.

Proof. If f(o) < 2012521((1,:51)32:51(1), then the region between the lines

(14 pes

Y2 = P17 —
2c1p1

and )
(1+pi)ea(B— )
2¢ci(p1 +1—a—p1f)
in the (y1,72) plane do not intersect {2 and so the first statement holds. In
the same way the second statement is proved. a

Y2 = P11+

2c1p1(pr+l—p1f—a)’ 2c1(p1f+a)
Riemann solver introduced in this chapter and that introduced in Chapter 5

have the same types of equilibria.

Corollary 7.2.8. If f(0) < min{ c2(Ltp) (=) 02(1+p%)(a76)}’ then the

Finally, for a simple network consisting of a single junction, we get the
following proposition.

Proposition 7.2.9. Let us consider an admissible SD-road network with just
one junction J, two incoming roads I, and Iz and two outgoing roads Is and
14. Assume that in incoming roads there are not II-waves, so that the matriz
A for the junction J is fized and given by (7.2.19). If « > B and f(o) <

: c2(ltpP)(a=f)  c2(1+p])(a—p) ; : :
mm{zclé(mﬁl_plﬂ_a), 2261(1)154_&) }, then all estimates in Section 5.3 for

waves interacting with J hold. Hence for every positive time T > 0, an entropic
solution on [0,T] exists on the network.

Proof. By Corollary 7.2.8, we know that the Riemann solvers introduced in
this chapter and in Chapter 5 have the same kinds of equilibrium. A deeper
analysis shows that an arbitrary initial datum (p1,0, 02,0, 03,0, p4,0) for the
density at J produces the same solution (p1, p2, 3, f4) for the both Riemann



7.4 Basic Estimates of Interactions 173

solvers. In fact the set {2, defined in (7.2.12) is clearly the same for the two Rie-
mann solvers. Moreover each maximization procedure implies that the maxi-
mum is on the boundary of 2. The maximum, by hypotheses, can be only at
a vertex of {2 and the vertex must be the same, since either the roads I; and
I or the roads I; and I or the roads Is and I3 or the roads I3 and I, can
be the active constraints, as shown in Table 7.1. The estimates in Section 5.3
depend only on the solution of the Riemann problem and not on the Riemann
solver used. Therefore we conclude. a

7.3 Wave-Front Tracking Algorithm

In this section a wave-front tracking algorithm is given for admissible solutions
(p, IT) in the sense of Definition 7.1.9.
For every s € S and d € D, along each road we need to solve the system

i(t,2) + fi(p'(t,7))e = O,
{%(t,x, s,d) f”i(pi(t,x))wfc(t,x, s,d) = 0. (7.3.22)

First one takes piecewise constant approximations, in L, p¢,, ¢, of the initial
data p*, 7.

Then we construct a solution for the density solving all the Riemann prob-
lems until an interaction between two p-waves or between a p-wave with a
junction. Rarefactions are approximated by rarefaction shock fans always in-
serting the value o? when possible. The speed of a rarefaction shock is set to
be the value of (f?)’ at its left endpoint, with the exception that every rarefac-
tion shock with endpoint o? has zero speed. Then we construct the solution
for the traffic-type functions on the same interval of times. If an interaction
of a II-wave with a junction occurs, then we consider the new distribution
matrix at the junction and we recalculate the solution for the density until
the first interaction time. Repeating this procedure inductively, we are able
to construct a wave-front tracking approximate solution.

To achieve the construction one needs estimates on the number of waves
and on the total variation of the solution.

The bound on the number of waves and interactions is obtained as in
Chapter 5. The estimate of the total variation is the more delicate issue and
is based on some approximation procedures and on basic interaction estimates,
shown in the next section.

7.4 Basic Estimates of Interactions

Let us consider an admissible SD-road network (Z, F, J,S, D, R, P) . Without
loss of generality, we assume that p? . =1 and f* = f for every road of the
network. Hence o' = o for every i € {1,...,n}. Moreover in this section we
do the following assumption:
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(A1) every junction J € J has at most two incoming roads and at most two
outgoing roads.

Let us consider an equilibrium (p, IT) on the whole network, that is an
admissible solution constant in time.

Definition 7.4.1. Let J be a junction and let us consider an equilibrium at
J. We say that the equilibrium is of the first type if there are exactly two ac-
tive constraints for the maximization problem (7.2.13) and the corresponding
hyperplanes are not tangent to a level curve of E at the equilibrium.

We say that the equilibrium is of the second type if there is exactly one
active constraint for the mazimization problem (7.2.13).

We also assume for the rest of the section:
(A2) for every J € J, the equilibrium is generic.

Remark 7.4.2. A generic equilibrium for the Riemann problem at a junction
is either of the first type or of the second type. Other types of equilibria are
not generic, because there is at least one active constraint redundant for the
maximization problem (7.2.13).

For example, consider a junction J with two incoming roads I;, I and
two outgoing roads I3, I4, for which the matrix A is given by

()

and 0 < p; < 1. Let (p1, p2, p3, p4) be an equilibrium such that

SN
SN

O<pi <o, o<pa<]l, o<p3<]l, 0<ps<o,

1+p

flo) =5 Flo) =" flos) = flpa) = —SP-

In this case the roads I1 and I3 are active constraint. Also (g1, p2, p3, p4) With
oc<p <1, f(p)= % is an equilibrium, but in the second case only the road
I3 is an active constraint. So the first equilibrium is not generic, while the
second one is.

Our aim is to prove an existence result for a solution (p, IT) in the case of

a small perturbation of the equilibrium (p, IT).
We have to consider the following types of interactions:

T1. interactions of p-waves with p-waves on roads;
T2. interactions of p-waves with II-waves on roads;
T3. interactions of II-waves with II-waves on roads;
T4. interactions of p-waves with junctions;

T5. interactions of IT-waves with junctions.
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Interactions of type T1 are classical and the total variation of the density
decreases. Interactions of type T3 can not happen since II-waves travel with
speed depending only on the value of p.

Remark 7.4.3. Hypothesis (A2) is fundamental in the next analysis, since it
permits to reduce the number of events at junctions and moreover since it
excludes the possibility that an outgoing road becomes saturate.

Hypothesis (A2) can be relaxed, but can not be totally eliminated. In fact,
if an outgoing road becomes saturated, then some of the next estimates are
false.

7.4.1 Interactions of Type T2

Let us consider a road I;. First we note that the characteristic speed of a
density is smaller than the speed of a IT-wave, as next lemma shows.

Lemma 7.4.4. Let p € [0,1] be a density and let A(p) be its characteristic
speed. Then A(p) < v(p) and the equality holds if and only if p = 0.

Proof. By definition, the speed v is strictly decreasing with respect to the
density p and the flux f is given by f(p) = pv(p). This implies that

Ap) = f'(p) = v(p) + pv'(p) < v(p). (7.4.23)
Clearly, if p = 0, then A(0) = v(0), while if p > 0, then A(p) < v(p). O
Lemma 7.4.5. Let us consider a shock wave connecting p~ and p*. Then:

1. Xp™,p") <w(p7);
2. Mp~,pT) <v(pt) and the equality holds if and only if p~ = 0.

Proof. We have p~ < p™ and so v(p~) > v(p™). Thus the first inequality is a
direct consequence of the second one. Moreover, the speed of a shock wave is
given by the Rankine-Hugoniot condition

Ap~—,p") = f(p;)%z(p_). (7.4.24)
Since f(p) = pu(p), we have that
Ap~,p*) <o(p™) (7.4.25)
if and only if
pro(p™) = pTu(pT) < pu(p™) = pTu(p™), (7.4.26)

which is satisfied if and only if

p~v(p”) = pu(ph). (7.4.27)

The last inequality is clearly true. Notice that if p~ # 0 all the previous
inequalities are strict inequalities. a
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Remark 7.4.6. If we have a shock wave (p~, pT) with p~ > 0, then by the
previous lemma a IT-wave can cross the p-wave from the left, since v(p~) >
v(pt) > Mp~, p"), that is the speed of the IT-wave when p = p~ is strictly
greater than the speed of the II-wave when p = p*, which is strictly greater
than the speed of the p-wave given by the Rankine-Hugoniot condition; see
figure 7.1.

If instead p~ = 0, then a II-wave can interact with the p-wave since
v(0) > X(p~,pT), but then the discontinuity in I travels with the same
speed of the p-wave; see figure 7.2.

=

Fig. 7.1. shock wave with p~ > 0. The speed of the II-waves is described by the

arrows.
0 ot

Fig. 7.2. shock wave with p~ = 0. The speed of the II-waves is described by the
arrows.

Lemma 7.4.7. Let us consider a rarefaction shock fan connecting p~ and p*.
Then v(p™) > v(p™) > f'(p7).

Proof. We have p~ > p™ and so v(p~) < v(p™). Moreover, v(p~) > f'(p~)
if and only if v(p™) > v(p™) + p~v'(p~) and the last inequality is clearly
true. a
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Remark 7.4.8. If we consider a rarefaction shock fan (p~, p™), then the previ-
ous lemma shows that a [T-wave can cross the p-wave, since v(p*) and v(p™)
are both strictly greater than the speed f’(p~) of the rarefaction shock fan;
see figure 7.3.

—

Fig. 7.3. rarefaction shock fan. The speed of the I7-waves is described by the arrows.

Remark 7.4.9. In principle, it is reasonable that the speed of a rarefaction fan
can be chosen in the interval [f'(p~), f’(pT)]. Once we choose f'(p~) as the
speed of a rarefaction fan, Lemma 7.4.7 ensures that the speeds of II-waves
when p = p~ or p = pT are faster than the speed of the rarefaction fan.

If we choose another value A € [f'(p™), f'(p')] for the speed of the rar-
efaction fan, then it may be happen that v(p~) < A < v(p™*) and this creates
a problem to construct a wave front-tracking approximate solution for 7; see

/
=

Fig. 7.4. rarefaction shock fan with speed A > v(p™ ). How to define a wave front-
tracking approximate solution for the traffic distribution functions?

Putting together the previous lemmas we obtain the following result.

Proposition 7.4.10. An interaction of a p-wave with a IT-wave can happen
only if the II-wave interacts from the left respect to the p-wave. Moreover if
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this happens, then the p-wave does not change, while the II-wave changes only
its speed.

7.4.2 Interactions of Type T4

We consider interactions of p-waves with junctions. In general these interac-
tions produce an increment of the total variation of the flux and of the density
in all the roads and a variation of the values of traffic-type functions on out-
going roads. As in Section 5.3, we can control the total variation of the flux.
Indeed we have the following.

Lemma 7.4.11. Let J be a junction with at most two incoming roads and two
outgoing ones. Let us suppose that a p-wave approaches the junction J and
assume (A2). If the total variation of the p-wave is sufficiently small, then
there exists C' > 0, depending only on the values of the traffic-type functions
on incoming roads, such that the total variation of the flux after the wave
approaches J is bounded by C' times the flux variation of the interacting wave,
i.e.
Tot. Var.}' < CTot. Var.;.

Proof. If the equilibrium at J is of the first type, then the conclusion follows
directly from the proof of Lemma 5.3.7

Therefore assume that the equilibrium is of the second type. In this case
only one road is an active constraint for the Riemann problem at .J. If the
total variation of the interacting wave is sufficiently small, then the wave
modifies the equilibrium at J if and only if it arrives from the road which
is the active constraint, and the equilibrium type does not change, i.e. the
constraint remains the same after the interaction. We consider only the case
where the first incoming road I; is the active constraint, the other cases being
similar. We denote by (71,0,...,74,0) the fluxes of the equilibrium at J, by
~1 the flux of the interacting wave and by (91,...,44) the fluxes of the new
equilibrium for the Riemann problem at .J. As in subsection 7.2.1, we note
that

1+ p2)e . . 14+ p?e .
72,0 = P171,0 + (4 pi)ey 2, A =i+ w, M=% (74.28)
2c1 21
Thus
Tot.Var.; = I71 — 71,0
and

Tot.Var.} = |32 = 72,0] + [93 — v3,0] + |92 = ya,0| -
If v1 < 71,0, then 42 < ¥2,0, 3 < 3,0 and 44 < y4,0. Therefore
Tot.Var.F = (y2,0 = 2) + (V3,0 = 93) + (Ya,0 — 94)

= (72,0 = 42) + 3,1 (71,0 — 1) + a3,2(72,0 — F2)
+(1 = az1)(v0 —71) + (1 —a32)(12,0 — F2),
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since v3 = ag,171 + a3 272 and v4 = (1 —as.1)71 + (1 — as2)y2. Using (7.4.28)
we conclude that

Tot.Var.J = 2(72,0 = 92) + (71,0 = 71) = (1 4+ 2p1) (71,0 — M)
= (1 + 2p1)Tot.Var.; .

If v1 > 71,0, then the same calculation shows that
Tot.Var.}r = (14 2p1)(m1 —71,0) = (1 + 2p1)Tot.Var. .
This concludes the proof. O

Remark 7.4.12. Notice that the total variation of the flux can increase also
when a wave interacts with a junction from an incoming road even if we start
from an equilibrium of the first type. In fact, let us consider a junction J
with two incoming roads (I; and I) and two outgoing ones (Is and I) and
we suppose that the active constraints are given by the roads I; and I3. If a
wave interacts with J from Iy, changes the equilibrium configuration and the
active constraints remain I; and I3, then the total variation of the flux after
the interaction is given by

Tot.Var.} = [¥2 — 72,0 + [9a — 740!,

where ;0 and 4; (i € {1,2,3,4}) are the fluxes of the equilibrium respectively
before and after the interaction. Since the active constraints before and after
the interaction remain I; and I3, we have that

03,171,0 + 3,272,0 = Q3,191 + 3,272

and so
a3 1

v2,0 — Y2 = —= (%1 — Y1,0)-
a

)

Moreover
Va0 =(1—as1)y10+ (1 —asz2)y20, FJa=1—as1)5 + (1 —asz2)ye,
which implies
Va0 — Y2 = (1 —az1)(m,0 —51) + (1 —az2)(y2,0 — F2)-

Thus
as1+ |age — a1

a3 2

Tot.Var.}r = Tot.Var.J?.

The conclusion follows from the fact that the coefficient

17 lf 0[3’2 2 013’1,

2a3,1—Q3,2

Qs o

as 1+ |Oé3,2 — a3,1| o
> 1, if Q32 < (31

«a3,2
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Lemma 7.4.13. Let J be a junction with at most two incoming roads and
two outgoing ones and assume (A2). Suppose that a p-wave approaches the
junction J. If the total variation of the p-wave is sufficiently small, then there
exists C' > 0 such that the variation of the traffic-type functions in outgoing
roads is bounded by C times the flux variation of the interacting wave, i.e.

Tot. Var.} < CTot. Var.;.

Proof. Fix a source s € S and a destination d € D. We denote by m; ¢ and
i (1 € {1,2,3,4}) the values of the traffic-type functions for s and d at J,
respectively, before and after the interaction of the p-wave with J.

If m 9 = m2,0 = 0, then clearly m39 = m4,0 = 0 and 73 = 74 = 0 and so we
conclude.

Otherwise, since the path for each car is unique, we may assume 7; o 7 0,
ma0 = 0, m39 # 0 and m4 ¢ = 0. Since the speed of the traffic-type functions
is positive, then 7, = 719 and 73 = 0. Moreover we have

_ 71,0 P 71
3.0 =T1,0 > TNT3=T105;
73,0 3

71'4:07

where 7; o and 4; denote the flux in road I; respectively before and after
the interaction. Assumption (A2) implies that v3 0 # 0. If the p-wave has
sufficiently small total variation, then 43 # 0 and

Y1,093 — Y173,0

Y <Ol =30l + Cvz0l%1 — 71,0

|30 — T3] =710

for a suitable constant C' > 0. Lemma 7.4.11 permits to conclude. a

Remark 7.4.14. The previous lemmas are proved under the assumption that
the BV norm of the p-wave is such that the type of the equilibrium does
not change. This excludes some realistic situations, for example that where
an outgoing road becomes closed, due to the increment of the flow in the
incoming roads.

7.4.3 Interactions of Type T5

We consider interactions of IT-waves with junctions. Since II-waves have al-
ways positive speed, they can interact with the junction only from an incoming
road.

Lemma 7.4.15. Let us consider a junction J and a II-wave on an incoming
road I; interacting with J. If A is the distributional matriz for J, whose entries
are given by (7.1.4), then the interaction of the II-wave with J modifies only
the i-th column of A. Moreover the variation of the i-th column is bounded by
the II-wave variation.
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Proof. For each s € S and d € D, we denote by 7; 4 and wf”éj, respectively,
the left and the right states of the IT-wave. Moreover, for every j € {3,4}, we
denote with o, and a;fi, respectively, the entries of the matrix A before and
after the interaction of the IT-wave with J. By (7.1.4), it is clear that, if [ # 4,
then the entries «;; are not modified. For [ = i, we have

+ J—
|ofs — a5l < >,

s€S,deD,r;(i,s,d)=j

s, d _ __s,d
; 0|

This completes the proof. ]

Remark 7.4.16. The previous lemma can be generalized to junctions with n
incoming roads and m outgoing ones following the same proof.

Lemma 7.4.17. Let us consider a junction J and a II-wave on an incoming
road I; interacting with J. If the total variation of the II-wave is sufficiently
small, then there exists C > 0 such that the variation of the fluxes is bounded
by C times the II-wave variation, i.e.

Tot. Var.}r < CTot. Var. ;.

Proof. We consider the case of two incoming and outgoing roads, the other
cases being similar. Let us consider first the case of an equilibrium of the
first type, i.e. there are exactly two roads that are active constraints for the
Riemann problem at J. If the active constraints are given by the incoming
roads I; and Io, then the sets 21, {25, {23, {24 and {2, defined in the proof of
Theorem 7.2.1, are given by

Ql = [07 f(pl,O)]v QQ = [07 f(pQ,O)]v (23 - (24 = [01 f(g)]a
2= {(’}/1,’}/2) € x 2y A(’yl,’)/Q)T € 23 X 94},
where (p1,0, 02,0, £3,0, p4,0) is the equilibrium for the density at J. Since the
IT-wave is sufficiently small, then it does not affect the set {2. In fact, the
perturbation of the II-wave slightly modifies the constraints given by the

lines
azgim +azeye = f(o) and  ag4171 + a2 = f(o).

These constraints remain non active since
az1f(p10) +az2f(p20) < flo) and as1f(pr0) +as2f(p20) < f(o);

see figure 7.5. Hence the solution for the fluxes of the new Riemann problem
at J is given by

(F(p1.0), f(p2,0); a1 f(p1,0) + asaf(p20), af 1 f(p10) + aaaf(p2,0))-

Therefore p-waves appear on I3 and I, and the variation of the fluxes (and of
the density) is proportional to the variation of the matrix A.
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as,171 + as2y2 = f(o)
V2
aa,171 + aa2v2 = f(0)

J(p2,0)

f(p10) m

Fig. 7.5. the equilibrium when I; and Is are active constraints.

/*\ as 1+ as2y2 = f(p30)

Y2

J(p2,0)

f(p1,0) 71

Fig. 7.6. the equilibrium when I3 is the only active constraint.
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If the active constraints are one incoming road and one outgoing road or
two outgoing roads, then the conclusion follows in an analogous way.

Let us consider now the case of an equilibrium of the second type. If an
incoming road is the active constraint, then the equilibrium does not change
for incoming roads and the conclusion is as before. So we suppose that an
outgoing road, say I3, is the active constraint. It means that

=02y =02,=10,f(0)], £23=10,f(p3s,0)l;

see figure 7.6. The change in the matrix A affects the lines in R?

azim +a32y2 = f(p30), a1y +ouzye = f(0).

The new maximum point (91,42) for the function E, defined in (7.2.13), be-
longs to the line

0‘;171 + az 272 = f(p3,0),

if the perturbation is sufficiently small. In fact, from the shape of the level
curves of E, we deduce that (91,42) is the tangent point of the previous line
to a level curve of E. In our case the function F is given by

1
E(y1,7%) = rpg(w —pm)® = — e
1

If we denote by m the angular coefficient of
0‘:—{1’71 + az 272 = f(p3,0),
a,;l

3,2
fluxes in the incoming roads is given by the solution of the following system:

_ 14p? 14m
{’72 —PIN T TS e

ie.m=—

, then the solution (41, 42) of the new Riemann problem for the

a1+ asaye = fpso),

where the first equation is the locus of the maximum point for £ when the only
active constraint is given by I3, while the second equation gives the expression
of the active constraint. This permits to conclude. a

7.5 Perturbations of an equilibrium

We have the following theorem.

Theorem 7.5.1. Let us consider an admissible SD-road network (Z,F,J,S,D,R,P)
and assume (A1), (A2) given in the previous section. Let (p, II) be an equi-
librium on the whole network. For every T > 0 there exists € > 0 such that

the following holds. For every perturbation (p, I ) of the equilibrium with



184 7 Source Destination Model
1Al <o |||, <& (7.5.20)

and o
17 =l + |71 - 11| <. (7.5.30)

there exists an admissible solution (p, Il ) defined for every t € [0, T[ such that
at time t = 0 coincides with (p,II ).

Proof. Let & = ming, (b; — a;), A = max{f'(0),—f'(1)} and N = [TTA} +
1, where the brackets stands for the integer part. For every v € N, let p,,
11, be two piecewise constant sequences approximating the initial conditions
5(0,-), I1(0, -) in BV-norm. We denote with p*, IT* an approximate wave-front
tracking solution on [0,7)] such that p%(0,-) = p,(-) and IT*(0,-) = I, (-).
For every interaction of a wave with a junction we have the estimates of
Lemmas 7.4.11, 7.4.13, 7.4.17, if the strength of the waves are bounded by

some & > 0. Taking ¢ = = we get:
Tot.Var.IT;(t,-) < NCe = ¢,

and
Tot.Var.f(p,(t,-)) < NCe =¢

for every t € [0, T7.

Theorem 5.3.10 implies that there exists p* such that p}, — p* strongly in
L},., at least by extracting a subsequence. Moreover, by Helly theorem, there
exists IT* such that II; — II* in Llloc7 at least by extracting a subsequence.
We complete the proof with standard arguments. a

7.6 Open Problems

Problem 7.6.1. Prove existence of solutions to Cauchy problems in the whole
network when the initial datum is not a small perturbation of a generic equi-
librium. The main difficulty in this direction is the following: for interactions
of waves with junctions it is not possible to bound the variation for the traffic-
type functions by a constant times the flux variation of the interacting wave.
More precisely Lemma 7.4.13 does not hold in the general case.

Problem 7.6.2. Prove existence of solutions to Cauchy problems in the whole
network when the initial datum is a small perturbation of a generic equilib-
rium, but in some junctions the number of incoming roads or outgoing ones
is bigger than or equal to 3.

Problem 7.6.3. Prove or disprove continuous dependence of the solution to
Cauchy problems from the initial datum. As in the LWR case, the Lipschitz
continuous dependence on the initial datum does not hold in general. What
about the continuous dependence or the Lipschitz continuous dependence in
special cases?
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7.7 Bibliographical Note

The idea of sources and destinations is customarily used in transportation
sciences and was already proposed, for instance, in 1965 in a paper by Edie,
Gazis, Helly, Herman and Rothery; see [43]. The first paper considering a
fluidodynamic model on a road network with sources and destinations was
[46]: all the subject of this chapter is based on such paper.
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An Example of Traffic Regulation: Circles vs
Lights

In this chapter we consider the following traffic regulation problem:

(P) when constructing a junction, with a given traffic flux expected, is it
preferable a traffic light or a circle?

More precisely, we assume that drivers arriving at the junction distribute
on the outgoing roads according to some known coefficients and our aim is
to understand which solution performs better from the point of view of total
amount of cars going through the junction. Then we can use the L-W-R model
on networks with time varying traffic distribution coefficients introduced in
Chapter 5.

We determine the asymptotic fluxes first in case of low incoming traffic. In
this situation the circle seems to perform better than the light. Then, for heavy
incoming traffic, we analyze the probability of the junction to get stuck in
dependence of the various parameters of the problem. Notice that if the circle
is blocked, with cars bumper to bumper, then all the incoming traffic would
be stopped. However, we show that this can be avoided, in most situations,
regulating the right of way parameters of the circle. As intuition may suggest,
if traffic inside the circle has strong priority w.r.t. the incoming one, then a
traffic jam may occur only for very heavy traffic loads. The complete analysis
requires shock wave tracing, see Section 8.3.

Then we briefly discuss the case of multi lane traffic circle, where we assume
the presence of ramps for incoming traffic. We prove that this situation is
equivalent to the case of traffic inside the circle yielding to incoming traffic.
As a consequence of the previous analysis, this type of traffic circle performs
well only for low traffic.

We conclude the chapter providing a comparison between traffic lights and
traffic circles. In general one can see that, in case of low incoming flux, the
traffic light is preferable only if there is a necessity of regulating outgoing
fluxes. For heavy traffic the right of way parameters of traffic circle can be
set so to avoid a complete jam. In conclusion, it seems preferable to use
traffic circles any time the setting of right of way parameters permits
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to avoid a stuck situation, possibly adding some light at crossings with
incoming roads that should work either in case of very heavy traffic or to
control outgoing fluxes.

8.1 Flux Control for Traffic Lights

In this section we investigate the behavior of traffic flux for a simple network
formed by a single junction J with two incoming road I; and Iy and two
outgoing roads I3 and I;. We refer to Figure 8.1.

I3

I1 [2

14

Fig. 8.1. The junction J with the traffic light.

Red and green lights are represented by time varying coeflicients «; ;. In
fact, if green is for road I, then a3 2 = a42 = 0 and if green is for road I,
then 031 = 04,1 = 0.

8.1.1 Notations and Position of the Control Problem

For simplicity, we assume that f(p) = kp(1—p), where k is a positive constant.
Therefore, o = % and ppar = 1.

At the traffic light, roads I; and I are called the incoming roads (IR) and
roads I3 and I the outgoing roads (OR) (see Figure 8.1). On the incoming
roads, the densities of cars arriving at the intersections are respectively equal
to p1 and pa. Let Ay and A, be the times for which the traffic light is green
and red for the road I;. We assume that at t = 0, the light is green for I;. We
set

X;=1-2p;, fori=1,2, a=a13, [B=ass. (8].].)

— g9
n_Ag+AT’
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Moreover, up to relabelling all the roads, we may assume with no loss of
generality, that

a < 3, p1 < pa. (812)
It should be noticed that most of the results stated in this section usually
assume strict inequalities, as in equations (8.1.1) and (8.1.2). However, it is
clear that such results extend in the cases of equalities, the latter being limits
of the cases of inequalities.

It is clear that the control parameter of the problem is 7. Moreover, on each
incoming road, the effect of the traffic light can be qualitatively described as
follows. The evolution of the car density is provided by a boundary condition
at x = 0 defined as a piecewise constant periodic function of the time whose
period is Ay + A, and values p; (cars are flowing) and pi,q. (cars are stopped).
The latter situation will generate a backward shock wave along the incoming
road and it is desirable that these shock waves do not propagate too far since
they correspond to a stuck traffic along the incoming road.

Therefore, we want to choose (if possible) the control parameter 1 so that

(a) backward shock waves created on the incoming roads stay bounded;
(b) fluxes are maximized on the outgoing roads or at least a regulation of
those fluxes is possible.

8.1.2 Analysis of Backward Shock Waves on the Incoming Roads

The next proposition establishes a necessary and sufficient condition on the
X,;’s and 7 for (a) to hold.

Proposition 8.1.1. With the notations above, backward shock waves created
in the incoming roads behave in the following way:

(S1) The backward shock waves created in the road Iy remains bounded if and
only if X1 >0 and 1 — X7 <n;

(S2) The backward shock waves created in the road Iy remains bounded if and
only if Xo >0 and n < X3.

For a proof of the previous proposition, the reader may refer to [26].
Combining (S1) and (52), one gets that Issue (a) has a positive solution
if and only if
X; >0, i=1,2and X7 + X3 > 1, (8.1.3)
and
1-X?<n< X3 (8.1.4)
Rewriting (8.1.3) in terms of the p; leads to

2 2
1 1 1 1
5 Z ; — Z _5 Z _5 > =
pi < 5 i=1,2 and (2 p1> + (2 pg) Z 7

Assuming for instance that p; = ps = p, the previous condition reduces to

p < ‘f\/’; Therefore, at the light of (8.1.3), one can see that (a) holds only

for low traffic.
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8.1.3 Asymptotic Regime for the Outgoing Roads

We investigate the asymptotic regime on each of the two outgoing roads in
order to address issue (b).

The main result of this subsection gives the value of the asymptotic flux
on each of the two outgoing roads in terms of data of the incoming roads
and of the distribution coefficients. By asymptotic flux, we mean the limit,
as ¢, go both to infinity, of the flux function f(p). It is clear that, for each
outgoing road, the flux function at the junction is periodic (of period A, +A,)
and piecewise constant. More precisely, there exist four non-overlapping time
intervals L1, Lo, Ls, Ly (L1 and Ly have strictly positive length, while L3 and
L4 could be empty) so that, if we denote with 7% > 0 the length of each L;,
then A, + Ay = T'+T?+T3+T* and the flux on on L; is constantly equal to
f%. Then, we have the following result: the asymptotic flux on each of the two
outgoing roads is equal to the average of the entering flux, at the junction,
over a time period.

The above statement is just a particular case of Proposition 8.1.3, given
below, which is of independent interest. Before stating it, we need the next
definition.

Definition 8.1.2. Let n be a positive integer. We say that B : [0,00) —
[0,1] 4s an admissible boundary datum with n jumps if B has the following
properties. There exist T >0, Tog > 0,--- , T, >0 with To+---+T, =T, and
n+ 1 real numbers pg,- -+, pn € [0, 1] such that

1. p;i # pit1 for every i € {0,...,n—1};
2. po = maX{POa s 7pn};

3. pn = min{po,...,pn};

4. the function B is defined as

Lo, th S UkEN[kTa kT+ TO)v
P1, th S UkeN[kT—FTQ,kT—F To + Tl),

B(t) = (8.1.5)

Pny ift € UkeN[kT-l- To+ -+ Th1,(E+1)T).

Proposition 8.1.3. Let B be an admissible boundary datum with n jumps,
n > 1. Consider the solution p(t,x) on an outgoing road associated to B.
Then, as t and x tend both to infinity, p tends to some p®¥™P € [0, 0| defined

by

£y = = S Tif (), (3.16)

i=0
where T; and p; are given by (8.1.5).
For a proof see [26].

For the outgoing roads I3 and I, the admissible boundary data admit, in
general, three jumps. We can explicit them, by taking into account equations
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(8.1.1) and (8.1.2). We use f~! : [0, f(c)] — [0,0] to denote the inverse
function of f on the ad hoc intervals.

In the next corollary, we apply Proposition 8.1.3 and obtain the values
of f3°¥™" and f{*™?, the asymptotic fluxes on road I3 and road Iy. For
simplicity of the results, we assume that X, Xo > 0. Moreover, we define

fs = af(p)+Bf(p2), far:=A=a)f(p1)+(1—0)f(p2), F:= f(pr)+f(p2)-
Corollary 8.1.4. Assume that X1, X2 > 0. Then, the following holds:
(i) if n < min{X2,1— X?}, then road I, gets stuck, road Iy remains free and

f37 = fs = af (o)1 - X7) — ), (8.1.7)
f = fa = (L= a)f(0)[(1 = X7) — 1. 8.1.8

The total flux going through the junction over a time period of A, + A,
is equal to F — f(o)[(1 — X?) —n);

(i1) if n > max{X3,1 — X2}, then road Iy gets stuck, road I remains free
and

f550mP = f3 = Bf(0)(n — X3), (8.1.9)
fE7 = fa = (1= B)f(o)(n — X3). (8.1.10)

The total flux going through the junction over a time period of A, + Agis
equal to F — f(o)(n — X2);
(iii) If n € [1 — X2, X3], then both roads I and I remain free and

fézsymp — f37 f‘”ymp f4’ (8111)

The total flux going through the junction over a time period of A, + Agis
equal to F';
(iv) If n € (X2,1 — X3), then both roads I and Iy get stuck and

[ = [0l =n)B+nal, [ = f(o)[(1=n)(1—5)+n(l-a).
(8.1.12)
The total flux going through the junction over a time period of A, + Agis

equal to 2f (o).

8.2 Single Lane Traffic Circle with low Traffic

In this section we fix a simple network representing a traffic circle and assume
that there is low traffic, in the sense that the number of cars reaching the
circle is less then the capacity of the circle itself.

There are four roads, named I, I, I3, I4, the first two incoming in the
circle and the other two outgoing. Moreover there are four roads I1g, I2g,
I3gr, I4r that form the circle as in Figure 8.2.
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Fig. 8.2. Traffic circle.

As above, roads are parameterized by [a;,b;], ¢ = 1,...,4, and [a;r, bir],
1 =1,...,4. Tt is natural to assign a traffic distribution matrix A to describe
how traffic coming from roads Iy, I3 choose to exit to roads I3 and I. Indeed
the roads of the circle are just intermediate towards the final destination. Thus
we assume to have two fixed parameters: «, 8 €]0, 1] so that:

(C1) If M cars reach the circle from road Iy, then o M drive to road Is and
(1 — a)M drive to road Iy;

(C2) If M cars reach the circle from road I3, then 5 M drive to road I, and
(1 — B)M drive to road Is.

Let us first consider a static situation. Let p; and ps be constant densities from
the roads I; and I respectively (this amounts to fix boundary conditions):

pl(t,al) = p1, pg(t,ag) = po. (8213)

If the roads I3 and I can absorb all incoming traffic, e.g. if

f(p1) + f(p2) < f(o), (8.2.14)

then we should reach the situation of Figure 8.3, where the constant fluxes on
each road are written.

For this to happen we must have that the coefficients for the crossing (I g,
13, IQR) are

Rs = Ozf(ﬁ1)+(1 _5)f(52) Q1R9R = (1—Ol)f(ﬁ1) (82 15)
T fe)+ (=B f(p2) ’ fp) + (A =pB)f(p2)” ~

and similarly for (Isgr, 14, I4r)

(I —a)f(p1) + Bf(p2) (1—06)f(p2)

R R R (O VA E I M

Q3R4 =
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B1(P,) +(-)T(p )

@B e, f(p )+ @-of(p))

) > ,)

(1) (5 )

(5 ) + =BT )

a f(p) + WBIG)

Fig. 8.3. Equilibrium for traffic circle

If the network is initially empty, the boundary data are given by (8.2.13)
and (8.2.14) holds true, then firstly the cars from road I; and Iy reach road
I3 and I, respectively and the coefficients should be simply set as:

O1R3 = Q, aiper = (1 —a), a3Rr4 = 3, aspar = (1= f).

(8.2.17)
However, then also cars from road I reach road I3 (and cars from road Iy
reach road I3) then we should modify in time the coefficients and finally set
as in (8.2.15) and (8.2.16). With this choice, there exists T' > 0 such that the
solution is given by the fluxes indicated in Figure 8.3 for every ¢ > T. Thus
we see that the model is working properly at not too heavy traffic level, i.e.
for which (8.2.14) holds true. However, it is necessary to let the coefficients «
vary on time, more precisely:

Theorem 8.2.1. Consider the circle network and assume (8.2.13), (8.2.14).
There exists time dependent coefficients a : [0,+00) — [0,1], with (8.2.17)
holding at time 0 and (8.2.15), (8.2.16) for large enough times, and T > 0
such that the solution p(t) is constantly equal to that of Figure 8.8 for every
t>T.

Proof. We construct solution by wave front tracking. Cars from roads I; and I
reach outgoing roads I3 and I, via rarefaction fans. At each time a rarefaction
shock reach either the junction (I1g, Iag, 14) or the junction (Isg, Iur, I3) we
adjust the corresponding coefficients in such a way that cars reach the correct
road. a

8.3 Single Lane Traffic Circle with heavy Traffic

We consider the case of a circle as in the previous section, but for which the
condition (8.2.14) is violated. More precisely we have possible traffic jams if
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one of the following conditions holds:
f(p1) + (1= B)f(p2) > f(o), (8.3.18)
(1 =a)f(pr) + f(p2) > f(0). (8.3.19)

Assume that we are in situation of the traffic equilibrium for low traffic
(Figure 8.3) but now with conditions (8.3.18), (8.3.19) holding true. Then
immediately shocks are produced on some roads of the junctions (I1, I4r,
IIR) and (127 I2R7 I;),R).

Remark 8.3.1. Notice that if we start from empty circle then rarefaction waves
start to fill up the circle reaching at some point a situation as in Figure 8.3.

From now on, for simplicity, we adopt the following notation.

Notation. Each wave will be indicated as (fi, f) where f; is the value of the
flux to the left of the wave and f, the value of the flux to the right, being
clear from the context which are the values of p on the left and right of the
wave.

For simplicity we set:
fr=f(p), f2 = f(p2),

q1 ‘= 4(I,,I4r,11r)> 42 ‘= q(I2,I2r,I3R)>

where the ¢’s denote the right of way parameters.
First consider the junction (I1, I4gr, I1r); we have:

W =S, R = A= 0)fa ,gY = flo) =1

Then we have 41 = f(0) = 1, hence p1r = o, and we have to distinguish
three cases, depending on the value of ¢;:

a)qr <1-— (1;(?)’[2, then 41 = f(0) — (1 — B)f2 and Jur = (1 — B) f2;

b) 1— L8 < g < i then 41 = ¢ f(0) and ur = (1 - q) f(0);

¢) @1 > 35, then 41 = f1 and fur = f(0) — f1.

In case a) a shock is produced on road I; and no wave on road I4g, in case
¢) a a shock is produced on road I4r and no wave on road Iy, finally in case
b) a shock is produced on both roads.

The analysis of junction (I, Isgr, Isg) is absolutely similar.

Assume first that we are in case a) for both junctions (I1, I4gr, [1r) and
(I2, Isg, Isg). Then rarefactions are produced on roads I1 g and I3g.

Notice that the flux f(o) on road I3g is composed of f(o) — (1 — /) f2 from
road I; and (1— ) fa from road I4g. Since « of flux from road I; exits to road
I5 and all flux from I exits to road I5, we have that af (o) + (1 —a)(1—28)fo
exits to road I3 and (1 —a)(f(0) — (1 — ) f2) proceeds to Iag. From condition
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(8.3.18), it follows that (1 — ) f1 > (1 — a)(f(c) — (1 — B) f2), thus on road
Ik it generates a rarefaction that reaches the crossing (Is, Iogr, Isg). This
rarefaction decreases the traffic flux entering from road Ior thus the circle is
not stuck. The analysis is the same for roads Isp and I4y.

Finally we obtain the following

Proposition 8.3.2. The traffic on the circle never gets stuck if the following
holds:

@1 <1— qp <1-—

Assume now that we are in case b) for both junctions (I1, I4r, I1r) and
(I2, Isg, Isr). Then rarefactions are produced on roads I1g and Isg and
shocks on the other roads.

Notice that the flux f(o) on road Iog is composed of g1 f(o) from road I
and (1 —¢1)f(o) from road I4g. Since « of flux from road I; exits to road I3
and all flux from I4p exits to road I3, we have that (1 — (1 — «)q1) f(0) exits
to road I3 and (1 —«)q1 f(o) proceeds to Iog. This is the same as saying that:

aiper = (1 —a)q.

Then when the shock produced on road Isp reaches the junction (l2, Isg,
I5R), then a shock is produces on I g:

(1o i)

We can perform the same analysis on roads Isp and I4r. Then shocks are
produced on the whole circle recursively.
To describe the evolution we introduce some more notation:

e 27 is the value of the flux on road I r after the n-th shock-junction inter-

action.

e <z is the value of the flux on road Iy after the n-th shock-junction inter-
action.

o 2% is the value of the flux on road I3 after the n-th shock-junction inter-
action.

e 1z} is the value of the flux on road I4r after the n-th shock-junction inter-
action.

e <zl is the value of the flux on road I; after the n-th shock-junction inter-
action.

e x¢ is the value of the flux on road I after the n-th shock-junction inter-
action.

Defining 2" € R® to be the vector with ' as components, we get the
following evolution:
2"t = A" (8.3.20)
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where

1—
0 0752000

0 01—g 000
a9 0 000

A= (1-B)q2
(1-g)0 0 000
@ 0 0 000
0 0 ¢ 000

So one easily see that it is enough to consider the evolution of variables z%
and z%. The corresponding reduced matrix is

N 1—go 0
A = ( (1*8)111 1—q, ) .
(1-B)qz

The eigenvalues are given by the equation:

(1-q)(1-q2)
(I-a)(l=0B)qige

A2 =

Thus we get the following:
Proposition 8.3.3. Assume that:

C1-Bk A
TR ST Ty
_ (1-a)fr f2
e ST

Then the traffic flow does not stop if the following holds:
(1-qg)(d —gq)
> 1. 8.3.21
(=)l - Bz (8.3.21)

If, finally, case c) (strictly) hold for both junctions (I1, I4gr, I1r) and (Is,
Isg, Isg), then rarefactions are produced on roads I1 g and Isg and shocks on
roads Isgp and Iyr. Moreover we get the inequalities:

af(o) < fi, q2f(0) < f,
(1—=q)f(o) <(1—a)f1, (1—=gq2)f(0) < (1—p)fa

and one easily checks that condition (8.3.21) can not hold. Therefore we get
the following:

Proposition 8.3.4. Assume that:

N
flo)’
e
flo)’

qQ >

q2 >

then the circle does get stuck.
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8.4 Multi Lane Traffic Circle with no Interaction

We propose a second model for the traffic circle. We assume that:

(ML) The traffic rounding in the circle and that entering the circle flow on
independent lanes.

This is the case if the entering lanes have sufficiently long ramps. Then
we can model the traffic circle assuming that lanes are distinct roads that
cross when there is an exiting lane, thus we are in the situation depicted in
Figure 8.4.

14

11 12

I3

Fig. 8.4. Traffic circle with multi lane not interacting.

To determine completely the model we have to provide the traffic distri-
bution matrix for the junctions ((I1,I2r), (I3, 1r)) and ((I2, I1r), (14, I2R)).
Regarding the first crossing we have that the traffic from road I; should dis-
tribute to (I3, I1r) according to the coefficients (a, 1 — «), while the traffic
from road Izr should not enter road I;r. Finally we get the coefficients:

o113 = Q, Q11R = 1-— a, Q2R3 = ].7 Q2R 1R = 0. (8422)
Similarly for the other junction we set:
g =3, agor =1— 03, 1R = 1, a1r2r = 0. (8.4.23)

Let us determine the solution to a Riemann problem at a junction
((I1, I2r), (I3, I1r)). The region of admissible fluxes (2 is determined by the
constraints

1 <1 er <R

max max

ayr +v2r < 3", (1—a)yn <"
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Since a < 1 we get that the solution is always obtained for:

;5/1 :min{’ymar ’Y'{)}‘%ar}
Lo —at

Therefore all possible traffic from road I; flow through the circle while the
traffic from road Iz may be subject to restriction. This rule models appro-
priately the situation in which cars in traffic circle must yield.

We thus obtain the following:

Proposition 8.4.1. The model of Figure 8.4 corresponds to the situation of
cars in the traffic circle yielding to entering traffic.

Direct calculations show the following:

Proposition 8.4.2. If condition (8.2.14) is verified then the solution reach
the equilibrium showed in Figure 8.5.

B 1(p,) +(1-0)T(p )

B,
f(p,) 9 ,)

(-0 (5 )

af(p)) + WBIE )

Fig. 8.5. Equilibrium for traffic circle with multi lane not interacting.

8.5 Traffic Light vs Traffic Circle

We discuss the results obtained in previous sections to compare the possibility
of traffic control offered by a junction with a traffic light and one with a traffic
circle. We start analyzing the situation of low traffic and then that of heavy
traffic.



8.5 Traffic Light vs Traffic Circle 199
8.5.1 Low Traffic

Low traffic for a traffic light means that conditions (8.1.3) are verified. Now
if the choice of n according to (8.1.4) is possible, then the traffic flow on
outgoing roads equal that on incoming ones f(p1) + f(p2). This corresponds
to the fact that the traffic on incoming roads is not blocked. On the other side,
if X2 < 1— X? then some regulation of traffic is possible again by tuning 7.
For example, since not both incoming roads can avoid a stuck situation we
can choose one to be free of jams. In the same way also some regulation of
outgoing traflic is possible.

For the single lane traffic circle, low traffic corresponds to condition
(8.2.14), or more precisely to (8.3.18),(8.3.19) being false. In this case there
is no jam on incoming roads and the outgoing flux equals the incoming ones.
However, there is no possibility of flux regulation on outgoing roads.

The situation of multi lane traffic circle is completely similar to the single
lane case.

The results are summarized in Figure 8.6.

Low traffic Traffic light Singlelanetraffic circle | Multi lanetraffic circle
Traffic on Possibly stuck Not stuck Not stuck
incoming roads
Outgoing Maximized under
. Maximized Maximized
flux some conditions
Traffic Yeshy
regulation choosing n No No

Fig. 8.6. Light vs circle, low traffic case.

8.5.2 Heavy Traffic

In case of heavy traffic, the traffic light surely provokes jams on incoming
roads with the effect of lowering the outgoing flux. This happens if conditions
(8.1.3),(8.1.4) are violated. However, there is always a minimum amount of
traffic going through that can be regulated by the parameter 7.

The single lane traffic circle performs in good way if the traffic circle is
not completely stopped. Thanks to the discussion of Section 8.3, in particular
Propositions 8.3.2 and 8.3.3, a stuck traffic may happen only for quite high
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traffic levels and can be avoided in most cases regulating the right of way
parameters.

The multi lane traffic circle is not performing well for heavy traffic. Indeed,
thanks to Propositions 8.4.1, we see that the probability of provoking a jam
is very high.

The results are summarized in Figure 8.7.

Heavy traffic Traffic light Single lanetraffic circle | Multi lane traffic circle

Trafficon Stuck Stuck Stuck
incoming roads

Outgoin Maximized choosing
gong Always positive Probably stuck

flux right of way parameters

Traffic
regulation

Fig. 8.7. Light vs circle, heavy traffic case.

8.5.3 Comparison

The performance of traffic light and circle is quite different also depending
on the entity of traffic: low or high. In the former case the traffic circle (both
single and multi lane) is preferable for maximizing the outgoing flow. The
traffic light could be convenient only in the case of big difference between
road sizes when a regulation is in order.

In case of heavy traffic, traffic light is surely guaranteeing a minimum level
of outgoing flux, but the maximum level can be quite bounded. The single lane
traffic circle performs in a satisfactory way if the circle itself is not stuck. This
can be avoided by regulating the right of way parameters. Finally multi lane
traffic circle presents a high probability of traffic jams.

Concluding, specific situations (such as expected low traffic or big differ-
ence among roads) can render one solution preferable to the other as illus-
trated above. For a general purpose junction, a single lane traffic circle seems
the best solution with an appropriate choice of the right of way rules. The
possibility of putting traffic lights at crossings of the circle, working only in
heavy traffic situation, could lower further the probability of creating jams.
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Telecommunication Networks (by C. D’Apice
and R. Manzo)

In this chapter we propose a macroscopic fluid dynamic model dealing with
the flows of information on a telecommunication network encoded in packets.
The analogy with fluids comes from considering packets as particles. However,
we have to take into account packet loss effects (which were not considered in
car traffic modelling.) Our idea is to look at the network at an intermediate
time scale so that packets transmission happens at a faster level but the
equilibria of the whole network are reached only as asymptotic. This permits
to construct a model relying on macroscopic description.

9.1 Introduction

There exist various approaches to traffic flow on telecommunication networks,
in particular for Internet and with special focus on properties of control con-
gestion algorithms as TCP/IP, see for example [13, 70, 108]. In these ap-
proaches the network is essentially blind and the control on possible conges-
tions is exerted by the higher level agents as TCP and other protocols. Our
idea is rather to take a large number of nodes, which use some simple rout-
ing algorithm, and via some limiting procedure obtain a partial differential
equation for the packet density on the network. First we focus on a straight
transmission line and justify formally the limiting procedure. Then we pass
to consider a network and introduce a routing algorithm for nodes with many
entering and exiting lines.

A telecommunication network is formed by a finite collection of transmis-
sion lines and nodes. We assume that each node receives and sends information
encoded in packets. Having in mind Internet as key model, it is assumed that:

Rule 1) Each packet travels on the network with a fixed speed and with
assigned final destination.
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Rule 2) Nodes receive, process and then forward packets. Packets may be lost
with a probability increasing with the number of packets to be processed.
Each lost packet is sent again.

We first model the behavior of a single straight transmission line on which
there are some consecutive nodes. Each node sends packets to the following
one a first time, then packets which are lost in this process are sent a sec-
ond time and so on. The important point is that each packet is sent until
it reaches next node, thus, looking at macroscopic level, it is assumed that
packets are conserved. This leads for the microscopic dynamics to the simple
model consisting of a single conservation law:

pe+ f(p), =0, (9.1.1)

where p is the packet density, v is the velocity and f(p) = vp is the flux.
Since the packet transmission velocity on the line is assumed constant, we can
derive an average transmission velocity among nodes considering the amount
of packets that may be lost. More precisely, assigning a loss probability as
function of the density, it is possible to compute a velocity function and thus
a flux function.
The conclusion is rigorously justified only for constant density, but is assumed
to hold in general. This corresponds to the hypotheses that macroscopic den-
sity waves move at a velocity much smaller than the packets transmission
velocity. Even if our limiting procedure is not completely rigorous, there are
other similar approaches, as [8] for supply chains, which lead to conservation
laws using some weak convergence. Moreover, since our method to solve prob-
lems at nodes is based only on flux values, every limiting procedure, which
leads to a conservation law formulation, may be used to treat the problem on
a network.

Then we introduce a way of solving dynamics at nodes in which many lines
intersect. For this, respecting Rule 2), we propose a routing algorithm:

(RA) Packets are sent to outgoing lines in order to maximize the flux though
the node.

The main differences of (RA) with the algorithm of Chapter 5 are the
following. The latter simply sends each packet to the outgoing line which is
naturally chosen according to the final destination of the packet itself. The
algorithm is blind to possible overloads of some outgoing lines and, by some
abuse of notation, is similar to the behavior of a ”switch”. The former algo-
rithm, on the contrary, send packets to outgoing lines taking into account the
loads, and thus possibly redirecting packets. Again by some abuse of notation,
this is similar to a "router” behavior.

Notice that this second algorithm was not considered for car traffic, be-
cause redirection of cars is not often expected from modelling point of view
(except special situations as closure of a road).
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In order to determine unique solutions to Riemann problems, some addi-
tional parameters are introduced, called respectively priority parameters and
traffic distribution parameters. The former describe priorities among incom-
ing lines, while the latter have the same meaning of the traffic distribution
matrix.

The advantage of this algorithm is that the flux variation at a node is
conserved for interaction of waves from transmission lines. This permits us
both to obtain estimates on the total variation of density, thus to construct
solutions again by wave-font tracking, and also to obtain uniqueness and Lip-
schitz continuous dependence of solutions. The latter result is achieved by the
method introduced in [18, 20] and illustrated in Section 2.7, which considers a
Riemannian type metric on L!. More precisely, the distance among solutions
is measured by paths in L' which admit some generalized tangent vectors. The
key point is that the norms of tangent vectors are known to decrease inside
each line (i.e. for scalar conservation laws), while for interactions with nodes
its evolution is determined by flux variation. As explained below in Section
9.5, other known methods, to treat uniqueness for scalar conservation laws,
seem not to work for the network case.

The obtained results show the strong effect of the routing algorithm. More
precisely, the choice of a "router” type algorithm, i.e. (RA), implies
stability of solutions, with respect of perturbation of the data, op-
posed to the instability obtained with the ”switch” type ones.

9.2 Packets Loss and Velocity Functions on Transmission
Lines

Consider a transmission line formed by a sequence of nodes Ny, representing
routers, and edges which connect consecutive nodes. Thus the transmission
line is represented by a real interval I union of many edges and nodes.

Each node (router) sends and receives packets. Following Rule 1), we as-
sume that packets flow at constant velocity from each node Ny to Ngiq. Tak-
ing a discrete time scale for the evolution, the state at time ¢; is described by
the packets quantities Rg(t;) on nodes Nj and transmission happens among
consecutive nodes between two discrete times. Therefore, to determine the
dynamics on I we need to describe the effect of packets loss on the velocity
of transmission function.

We assume that each node Nj sends again packets that are lost by the
following node Nji1. Therefore the number of packets is conserved, i.e. at
macroscopic level we expect (9.1.1) to hold. More precisely, we assume that
there exists a function p : [0, Rmaz] — [0, 1] which assigns the packet loss
probability as function of the number of packets.

Let us focus now on two consecutive nodes and introduce some notation.
Suppose that 0 is the distance between the nodes Ny and Ngy1. Let Aty be
the transmission time of packets from node N to node N if they are sent
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with success at the first attempt, and At,, the average transmission time

when some packets are lost by Nyii. Finally, we denote with v = Aitg and

v = %ﬂv the packets velocity in the two cases.

At the first attempt, the packets sent by node Ny reach with success node
Ni.41 with probability (1—p) and they are lost by node N1 with probability
p. At the second attempt there are p of the total number of packets left to
be sent again and (1 — p)p are sent with success while p? are lost. Going on
at the n-th attempt (1 —p)p™ ! packets are sent successfully and p™ are lost.
The average transmission time is equal to

At gy = +§OO: Ato(1 —p)p" ' = Ato (9.2.2)
av—n_ln 0 p)p —1_pa i
from which we get that the transmission velocity is given by
) )
- — 1—9)=u9(1—np). 9.2.3
V=g =g -p=0-p) (9.2.3)

The above reasoning works for the entire line if Rj(tg) = R for all k. In
fact, one gets immediately that Ry (t;) = R for all ¢ and k thus it holds:

Lemma 9.2.1. Assume that Ri(to) = R for all k. Then the average trans-
mission time and velocity are given by (9.2.2) and (9.2.3).

Clearly Lemma 9.2.1 gives an average velocity only if the density is con-
stant. However, we assume the conclusion to hold in general for the macro-
scopic velocity and use this together with equation (9.1.1). This assumptions
is not completely justified but it is reasonable if the transmission velocity of
packets is expected to be much bigger than the macroscopic velocity.

We may also assign the loss probability directly as function of the packet
density, then the corresponding flux is easily determined. Such loss probability
should vanish for low load levels of nodes and reach the value 1 for R =
Rinaz- We show some choice of packets loss functions and the corresponding
macroscopic fluxes.

Ezample 9.2.2. Let us suppose that the packets loss probability is given by

)0, 0<p<o,
plp) = %%Qnaépépmm

for some o €]0, pmaz; see Figure 9.1.
Then the average transmission velocity is equal to

v, 0<p<o,
@”—;m,aépﬁpmax-

]

1Nm=vﬂ—p@D={

Imposing that
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p(p)

2(p—0)

o P

Fig. 9.1. Packets loss function.

20 — max
V(pmax) = @w —0,
Pmax
we get that o = 252 Since f (p) = v(p)p it follows that
_ Jop, 0<p<o,
I o) = {U(ZU —0), 0 < p < Pmax-
f(p)
op (20 — p)
0 g Rmaz

Fig. 9.2. Flux function.

Example 9.2.3. Suppose that

It follows that

205
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and
vp, 0<p<o,
f (p) = { vp(20—p)

0 < p < Pmax-
Ezample 9.2.4. Suppose that

() 0, 0<p<o,
= 2
P =2l 5 < p < prmax-

It follows that

() U, OSPSJ’
v(p) =1 wp(20—
P W,ngﬁpmaxv

and

£lp) = vp, 0<p<o,
P= 222070 6 < p < prnae
Remark 9.2.5. Examples 9.2.2 and 9.2.3 lead to fluxes which are not C!, the
opposite happens for Example 9.2.4 Notice that only for Example 9.2.2 the
corresponding flux has the property that, for every p €]0, pmaz|s

lim f(p)#0,  and  lim f'(p) #0.

p—pt p—p~

Thus the density variation along discontinuities not crossing ¢ is equivalent
to the flux ones.

In what follows we suppose that measures on packets loss probability lead
to the formulation of Example 9.2.2. This allows to control the variation of
the density function in terms of the variation of the flux function.

We can suppose for simplicity that pmax = 1, so we have the following
assumptions on the flux:

R e o

f(0) = f(1) = 0. Thus ¢ = 3 is the unique maximum point.

9.3 Riemann Solver at Nodes

In this section we describe the Riemann solver at nodes following the routing
algorithm (RA).

To solve Riemann problems according to (RA) we need some additional
parameters called priority and traffic distribution parameters. For simplicity of
exposition, consider first a junction J in which there are two transmission lines
with incoming traffic and two transmission lines with outgoing traffic. In this
case we have only one priority parameter ¢ € ]0, 1] and one traffic distribution



9.3 Riemann Solver at Nodes 207

parameter o € |0,1[. We denote with p;(t,z), i = 1,2 and p;(t,z), j = 3,4
the traffic densities, respectively, on the incoming transmission lines and on
the outgoing ones and by (p1.0, 02,0, 03,0, P4,0) the initial datum.

Define ;"¢ and ~;"** as in equations (4.3.3) and (4.3.4). This quantities
represent the maximum flux that can be obtained by a single wave solution on
each transmission line. In order to maximize the number of packets through
the junction over incoming and outgoing lines we define

I' = min {1, 25},
where I7)%* = 41" 4 3% and I8 = 5% + "%, Thus we want to have
I as flux through the junction.

From the results of Chapter 4, it is enough to determine the fluxes 7; =

f(pi), i = 1,2. We have to distinguish two cases:

I [mex =T,
I [mex > T,

In the first case we set 4; = 7;"**, ¢ = 1,2, where the symbols 4; denote
the solution for the fluxes in the incoming transmission lines.
Let us analyze the second case in which we use the priority parameter ¢q. Not

Y2

Y1+ y2=1I

max

72

max

" Y1

Fig. 9.3. Case I',** > T.

all packets can enter the junction, so let C' be the amount of packets that
can go through. Then ¢C packets come from first incoming line and (1 — ¢)C
packets from the second. This is the same as the precedence rule for car traffic,
see Chapter 5.

In the plane (71, 72) define the following lines:
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1—q

Tq 72 = 1,

rrim =1

Define P to be the point of intersection of the lines r, and rr. Recall that the
final fluxes should belong to the region (see Figure 9.3):

Q2={(1,72): 0<% < 3™, i=1,2}.
We distinguish two cases:

a) P belongs to (2,
b) P is outside (2.

In the first case we set (%1,92) = P , while in the second case we set
(F1,%2) = Q, with Q = projon,,(P) where proj is the usual projection on a
convex set, see Figure 9.4.

Y2

Tr Tq

max

7 At

Fig. 9.4. P belongs to {2 and P is outside 2.

The reasoning can be repeated also in the case of n incoming lines. In R™
the line ry is given by rq = tvg, t € R, with v, € A,,_1 where

Anfl = {(7177777,) Y > 077/ = 17"'7”72773 = 1}

i=1

is the (n — 1) dimensional simplex and
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Hr = {(’Yl,---,’Yn)IZ%':F}

is a hyperplane where I" = min{}_ "™, > 7***}. Since v, € A1, there
mn out

(2

exists a unique point P = r, N Hp. If P € {2, then we set (§1,...,9n) = P.
If P¢ 2, then we set (1,...,9) = Q = projonm, (P), the projection over
the subset 2N Hp. Observe that the projection is unique since 2N Hp is a
closed convex subset of Hj.

Remark 9.53.1. A possible alternative definition in the case P ¢ (2 is to set
(1, --.,9n) as one of the vertices of 2N Hp.

Let us now determine ¥;,j = 3,4. As for the incoming transmission lines
we have to distinguish two cases :

I I =T,
I I > T

out

In the first case we again set §; = 7;"**, j = 3,4. Let us pass to the second
case. Recall « the traffic distribution parameter. Since not all packets can go
on the outgoing transmission lines, we let C' be the amount that goes through.
Then aC' packets go on the outgoing line Is and (1 — «)C on the outgoing
line I4. Notice that « plays the role of a traffic distribution coefficient.

Now we can proceed exactly as in the previous case with ¢ replaced by «.
More precisely, we define; r, by the equation v, = I’Ta*yg, rr by y3+y4=1
and P to be the point of intersection of the lines r, and rp. Setting: 2 =

{(73,74) : 0 <y <A, j = 3,4}, we distinguish two cases:

a) P belongs to 2
b) P is outside (2.

In the first case we set (43,94) = P , while in the second case we set
(¥3,94) = @, where Q = projon,.(P). Again, we can extend to the case
of m outgoing lines as for the incoming lines defining the hyperplane Hy =
{(Vnt1y s Yntm) : Zyifﬁrl v; = I'} and choosing a vector v, € Ay,_1.

Remark 9.8.2. An alternative way of choosing the vector v, is the following.
We assume that a traffic distribution matrix A is assigned, then we compute
A1, ..., ¥n as before and choose v, € A,,—1 by

Vo = A1 N{tAR, s Jn) 1 t € R}

The solution to Riemann problems in this section is consistent as shown
by next Lemma.

Lemma 9.3.3. The previous procedure defines a unique Riemann Solver.
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Proof. Let po = (p1,0,---,p4,0) be the initial datum and p = RS(pg). Assurne,
first, that I" < I72®*. Define 4"** to be the maximum flux on I; given by a
wave with left datum p; and set then ﬁ;};a" = A 4+A5X . Then f‘i‘;‘a" > Inax,
Indeed if p;o € [0,0] then p; € {pio} U]T(pi0), Pmax] and 4max > ymax —
f(pio). While if p; 0 € [0, pmax) then p; € [0, pmax] and so 4M** = f(o) =
yaX The case I' < In5* is treated similarly. O

out

9.4 Estimates on Density Variation

In this section we derive estimates on the total variation of the densities along
a wave-front tracking approximate solution.
From now on, we assume that

(H1) every junction has exactly two incoming transmission lines and two
outgoing ones.

This hypothesis is crucial, because the presence of more complicate junctions
may provoke additional increases of the total variation of the flux and so of
the density, as it was for car traffic see Chapter 5. The case where junctions
have at most two incoming transmission lines and at most two outgoing ones
can be treated in the same way.

From now on we fix a wave-front tracking approximate solution p, de-
fined on the telecommunication network. Fix a junction J with two incoming
transmission lines I; and I» and two outgoing ones I3 and I4. Suppose that
at some time ¢ a wave interacts with the junction J and let (p7, p3,p3.04)
and (p, p3, pg’, p1) indicate the equilibrium configurations at the junction .J
before and after the interaction respectively. Introduce the following notation

+ + + + + + + +
Vi = f(pz )7 Fin = Wl,max + 72,max7 Fout = 73,max + 73,max7

r= min{Fi:S, F;Zt},

where %‘j,tmaw i=1,2and vfmax7 j = 3,4 are defined as in (4.3.3) and (4.3.4).
In general — and + denote the values before and after the interaction, while
by A we indicate the variation, i.e. the value after the interaction minus the
value before. For example A’ = I't — I'". Let us denote by TV (f)* =
TV (f(p(t+,-))) the flux variation of waves before and after the interaction,
and

TV(f)i =TV (f(pr(t£,-) + TV (f(p2(t, ),
TV (e = TV(f (pa(t,)) + TV (f(pali, ),
the flux variation of waves before and after the interaction, respectively, on
incoming and outgoing lines.
Let us prove some estimates which are used later to control the total
variation of the density function. For simplicity, from now on we assume that:
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(A) the wave interacting at time ¢ with J comes from line I; and we let p;
be the value on the left of the wave.

The case of a wave from an outgoing line can be treated similarly.

Lemma 9.4.1. We have
sgn (Avys) - sgn (Avy) > 0.

Proof. To prove the lemma it is enough to observe that a variation of s is
due to a movement along the line r4 or along 3 = ¢; or 4 = ¢z with ¢; and
c3 constant. In each case Avys and A+, have the same sign. 0O

In the same way we can prove the following Lemma:

Lemma 9.4.2. We have

sgn(vy — ) - sgn(Ays) > 0,

where 1 = £(p1).

Lemma 9.4.3. It holds
TV(f)gue = |AL].

Proof. To prove the lemma it is enough to observe that
I~ =95+, I't=~+97,
AL =TT =TT =|(vs —75) + (0 =)l
from which, by Lemma 9.4.1, we have

|AT| = |Avs| + Ayl = TV (f) gus-

This completes the proof. O

Lemma 9.4.4. We have

TV (), =TV ()i +|AL]. (9.4.4)

m

Proof. Clearly since the wave on the first line has positive velocity, we have
0 < p1 < 0. Since p; < o, observe that the maximum flux for p;, which is
the solution with initial data p1, is given by Y1 max = f(p1). Also

TV(f)” =TV(f)m=1In—m|
We have two possibilities:

Case 1) p; <o,
Case 2) p; > 0.
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Let us first analyze Case 1). Then we further split it into two subcases:

Case 1a) p1 < pq,
Case 1b) p1 > p7y .

If 1a) holds true, since p1 < py, we get Vi, max = f(p1) < f(P1) = V1 max
and one of the following holds:

Case la.l) I'" =T,

Case la.2) ' =1,,,.
In Case la.1) from 71 max < Yy max and I'™ = I, it follows that rt =

It from which 757 =75, v = 71 and then TV (f); = 0.
In the other Case 1a.2) we have Y1 max < Y1.max> hence I > I'" and

m
Y1,max + V2, max < I';.. The following distinction must be considered:

Case 1&21) Y1, max + 72_,max 2 F_’
Case 1&22) Y1,max PYQjmax <.

If Case 1a.2.1) holds, from 71 max + Yo max = I'~, We have that I't = I'",
from which |AI'| =0 . By Lemma 9.4.2 the conclusion holds.

In the opposite Case 1a.2.2) from 71 max + Yomax < 17, one gets
I'" = Yimax + Yomaxs from which it follows that TV(f)§ = 0. Then
|A = |’yf - ’yl‘ =TV(f);,- Case la) is thus finished.

Let us now focus on Case 1b). We have to distinguish two possibilities:

Case 1b.1) I'™ =1,

out’

Case 1b.2) I'" =1 .

If Case 1.b.1) holds, from I'™ = I, it follows that ¥1 max + 72 max > Lin-
Then I'" = ', hence |AI'| = 0 and by Lemma 9.4.2 the conclusion holds.

In Case 1.b.2)7 we have 71 max + Y max > L, and I, > I, and following
cases may happen:

Case 1b21) Y1,max T 72_,max < Fout7
Case 1b22) Y1, max + 72_,max > FOUt

Consider Case 1b.2.1) first. From 71, max+7Y5 max < L ous» ON€ has TV(f)i =
0, hence |AT'| = |y1 =1 | =TV (f);n-
In Case 1b.2.2), from ¥1 max + Yo max > Lour We obtain I't = r

out* By
Lemma 9.4.1,

TV(f) = Y1,max + 72 max F07ut7
TV(f) = 71,max Vl,max?

hence

Tv(f)z_n - TV(f)ZJ’;’L = _Pyl_,max - 72_,max + Fo_ut
=I'"—-TI,=I"-T" =|ATl|.
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Let us analyze Case 2). Since p; > o it follows that p; < 7(p7) < 0.

Observe that v1 = f(p1) < f(py) =71 and ¥y pax = f(0), V.max = f(p1).
We have to distinguish two cases:

Case2.a) I'" =1,

Case 2.b) I' =1,,,.

If Case 2.a) holds, then one gets Y1 max + V2 max < I~ from which it
follows that I'™" = 1 max + V5 max- Hence TV (f)F = 0 and the conclusion
holds. ’

For the opposite Case 2.b), we have V1 max + Vo max < L3, and Iy, > I
Hence the following two cases are possible:

Case 2b1) ’YLmax + ’YQimaX Z F07ut7
Case 2b2) Y1, max + 72_,max < Fo_ut'

> I, it follows that I't = I'~. The
latter implies |AI'| = 0 and the conclusion follows from Lemma 9.4.2.
In Case 2.b.2) from ¥1 max+72 max < Louts We obtain I'" =1 max+%5 -
Thus, by Lemma 9.4.2, we get:

In Case 2.b.1), from V1 max +Ya.max = Lo

TV(f g =TT —(m+73) = (Vmax + Vamax) — (1 +72) =
= Pyimax - 7;
It follows that
AT =T" =T =97 475 — (Y,max + Y2.max)
= (11 = Yrmax) + (2 = Y2max) = TV(in = TV ) gurs
and the conclusion holds. The proof is thus finished. a
From the above results, we obtain the following:

Lemma 9.4.5. The fluz variation TV (f) is conserved along wave-front track-
ing approximations for interactions of waves with a junction.

Proof. From Lemma 9.4.3 and Lemma 9.4.4 we get
TV(f)” =TV(f); =TV ()5, + 1AL =TV()*.
The proof is finished. a

We can now define big shocks as in 4.3.4, bad datum as in 4.3.5, and BEFs
as in Definition 5.3.8 Our aim is now to bound, for each line I;, the number
of big waves inside the region D}(p), i.e. those generated by the influence of
external lines.
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Lemma 9.4.6. Let t be the time at which the two BEF's sz‘:,p interact. Assume
t < +o0, YP(t) €las, bi| and define

ﬁout =p (le;p(i)_) ) ﬁln =p (Yip(i)—’—) 5

“=timp (Y2 (t)+) = limp (VI (t)-).
pr=limp (Y2X(t)+ ) = lim p (Y1"(1)
If pin, Tespectively pout, is a bad datum for I; as incoming line, respectively
for I as outgoing line, then there exists no value p* of the density such that

)‘(Iéoutv p*) > )\(IO*) ﬁln)

Proof. Since pyy: and p;, are bad data for, respectively, an outgoing trans-
mission line and an incoming transmission line, it follows that

ﬁout S ]Ua 1] ’ pAln € [Oa U[ .

Observe that poy: and p* must be connected by a single wave, thus p* > o,
otherwise the wave would be split in a fan of rarefaction shocks.

Similarly, p* and p;;, must be connected by a single wave, thus p* < o, other-
wise the wave would be split in a fan of rarefaction shocks.

Finally, p* = o, but then

)\(ﬁouta P*) S 0 é )\(p*yﬁm)
and the conclusion holds. 0

Lemma 9.4.7. For every t > 0, there are at most two big waves on

{z:(t z) € Di(p)} C lai,bi].

Proof. A big wave can originate at time ¢ on transmission line I; from J only
if the line I; has a bad datum at J at time ¢. If this happens, then, from
Lemma 4.3.6, line I; has not a bad datum at J up to the time in which a big
wave is absorbed from I;. This concludes the proof if Di(p) is formed by two
connected components.

It remains to consider the time at which the two BEF's interact. By Lemma
9.4.6 we have that not both connected components can contain a big wave.
Thus again there are at most two big waves. a

The obtained estimates on the number of big waves permits to bound the
total variation of the densities as follows.

Theorem 9.4.8. Consider a telecommunication network (Z,J), assume (F),
(H1) and consider the Riemann solver of Section 9.3. Let p be a wave-front
tracking approximate solution, then

v

TV (p(t, ) < TV(p(0.)) + 2 (f ©) , 1) |
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for each t > 0, where N is the total number of transmission lines of the
network. Moreover given T > 0, there exists an admissible solution to the
Cauchy problem on the network defined on [0,T] for every initial data.

Proof. Let TV (h;[a,b]) denote the total variation of the function h over the
interval [a, b] and define

TV (p(t)) = ZTV(P(t);Dﬁ-(p(t)))v =12,

which are, respectively, the total variation of p(¢) due to the evolution only
inside each line I; and by interaction with junctions. Clearly:

TV(p(t)) = TV (p(t)) + TV (p(1)).

Since Di(p(t)) is not influenced by external lines, we are in the situation of a
conservation law on R, hence

TV(p(t)) < TV (p(0)).

Let B(t) denote the number of big waves generated from junctions, i.e. the
number of big waves in U; Di(p(t)). Then by chain rule for BV functions:

1

v

TV(p(t)) < (TV2(£(p(0+))) + B().  (9.4.5)

S| =

TVZ(f(p(t)) + B(t) <

Now T'V?2(p(0)) = 0, thus, using the previous Lemmas, the following relation
holds:

1
TV2(p(t)) < %2Nf(a) + 2N, (9.4.6)
and the estimate on TV (p) holds.
The second part of the statement follows from Theorem 2.5.4 a

9.5 Uniqueness and Lipschitz Continuous Dependence

The same approach of Section 2.7 can be used on networks. There are various
alternative methods to treat uniqueness and continuous dependence for the
case of conservation laws on the real line, see the bibliographical note to
Chapter 2. No one of these methods seems to work for the network case.
In fact, Kruzkov method requires to estimate integrals on a region in R?,
which now is replaced by an integral on the topological space obtained by
the product of the network and R. On the other side, it is not clear how to
define a viscous solutions on the network, in particular how to treat boundary
data at nodes, and how to pass to the limit. Finally, a Bressan-Liu-Yang
type functional requires to introduce a definition of approaching waves, but,
on a general network, with complicate topology, every wave is potentially
approaching each other.
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Let us now go back to the network case. If p = (p1, ..., px) is a solution on
the network then we set

loll 2o =D llpill icry-
i

To estimate the distance among wave-front tracking solutions it is thus enough
to prove (2.7.49). We prove the latter estimating the evolution of the tangent
vector norm at each time. For this, we fix a time ¢ > 0 and, without loss of
generality, treat the following cases:

a) no interaction of waves takes place in any transmission line at ¢ and no
wave interacts with a junction;

b) two waves interact at ¢ on a transmission line and no other interaction
takes place;

c) a wave interacts with a junction at ¢ and no other interaction takes place.

Case a) can be treated as Case 1. of Section 2.7.

Case b) can be treated as Case 2. of Section 2.7, using Lemma 2.7.2.

For Case c), recall Lemma 5.4.1 of Chapter 5. Define TV (f)* to be the
total variation of the flux of the solution before (—) and after (4) the inter-
action, and TV (f)F the same quantity on line I;. Without loss of generality,
we can assume that a wave from an incoming transmission line 7 interacts
with a junction J and no other wave is present. Then TV (f)~ =TV (f), and
TV(f)t =3, TV(f); where TV(f);] measures just the wave produced by
the interaction. From Lemma 2.7.2 we have

TV ().
€51 1Ap;] = % & [Apa] -

Using Lemma 9.4.5 we conclude

TV ( );
[| (v, &)F = zj: €1 1Apj| = Zj: V), &| [ Apal

V()

.
=7vip- 10071 =l@o7- (9.5.7)

From (2.7.50), (2.7.53) and (9.5.7), we get the following;:

Theorem 9.5.1. Consider a telecommunication network (Z,J), assume (H1)
and consider the Riemann solver of Section 9.3. Then the solutions to Cauchy
problems on the networks are unique and depend in a Lipschitz continuous way
from initial data.
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Numerics on Networks

In this chapter we develop some numerical algorithms to simulate the behavior
of the urban traffic flow. We focus on the Lighthill-Whitham-Richards model
on each road network and, at junctions, on the Riemann solver proposed in
Chapter 5.

10.1 Numerical Approximation

For definitiveness, fix the following flux

f(p) = Vmaz p (1 - ) : (10.1.1)

Pmazx

thus, setting for simplicity pmaz = 1 = Umaz,

f(p) = p(1 = p).

The maximum ¢ = 1/2 is then unique: f(o) = max 1) f(p) = fu-
We define a numerical grid in RV x (0, T") using the following notations:

e Az is the space grid size;

o At is the time grid size;

o (T, tn) = (MAx,nAt) for n € N and m € Z are the grid points.

For a function v defined on the grid we write v}, = v(z,, t,) for m,n varying

on a subset of Z and N respectively. We also use the notation w7, for w(xm, tn)
when w is a continuous function on the (z,t) plane.

10.1.1 Godunov Scheme

A good numerical method to solve the equations along roads is represented by
the Godunov scheme, which is based on exact solutions to Riemann problems;
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see [51, 52]. The idea is the following: first the initial datum is approximated
by a piecewise constant function; then the corresponding Riemann problems
are solved exactly and a global solution is simply obtained by piecing them
together; finally, one takes the mean and proceeds by induction.

Let us now consider in detail the scheme. We take an approximation of the
initial datum wug with the following mean values:

0 1

z"nf l
V) = E/ = uo(z)dz, m € Z. (10.1.2)

Imi%

Godunov scheme is based on exact solutions v2 to Riemann problems at
points (m — %)Aa:, m € Z and then on the projection of the solution

]_ T4+l
el = A_x/ = v (tpy 1, T)da. (10.1.3)

1
2

This procedure can be repeated inductively on every t,. Under the CFL con-
dition
At sup{ sup |f’(u)|} < Az, (10.1.4)

mon S uel(un,u )

the waves, generated by different Riemann problems do not interact. We can
use the Gauss-Green formula to compute v+ and the flux in = z,,, — %Am
for ¢ € (tn,tn+1) is given by f(u(t,zm — $Az)) = f(Wg(0;0%_1,v%)), where
Wr (%;v_,v4) is the self-similar solution between v_ and v,. Similarly for
the point = @, + 2 Az: f(u(t, zm + A2)) = f(Wr(0;0, 0% ,1)). As the
flux is time invariant and continuous, we can put it out of the integral and,
setting g% (u,v) = f(Wgr(0;u,v)) under the condition (10.1.4), the scheme can
be written as:

At
ot =l — A—m(QG(Ufn, Upmi1) — QG(U?n—pUgL))- (10.1.5)

The expression of the numerical flux for Godunov method is in general given
by

G _ minze[u,w] f(z)a if u< w,
g (v, w) {maxze[w’u] f(z), if w<u. (10.1.6)

10.1.2 Kinetic Method for a Boundary Value Problem

Here we present the kinetic scheme for initial-boundary value conservation
equations:

ug + F(u)y =0, (10.1.7)

u(z,0) = ug(x), x>0, (10.1.8)
u(0,t) = up(t), t>=0, (10.1.9)
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and (10.1.9) can be imposed only where it is compatible with the trace of the
solution to the problem and with the flux F'. We have u(z,t) € R for x > 0,
t > 0, and F' is a Lipschitz continuous function.

A kinetic approximation of the problem (10.1.7) is obtained solving the
following BGK-like system of N non-linear equations:

0uf + M = - (My(u) = f7). (10.1.10)

where the \j, are fixed velocities (a set of real numbers not all zero), € is a
positive parameter, and each ff is a function of R x [0, 7] with values in R.
We impose the corresponding initial and boundary data:

fi(z,0) = Mg(up(x)), =e€RT, (10.1.11)
fe(0,t) = My(up(t)) VAp>0andt > 0. (10.1.12)
Functions My, k = 1,..., N, are called Maxwellian functions. To have the

convergence of u® = Zszl fi when € — 0 towards the solution of the problem
(10.1.7), we need to impose the compatibility conditions:

N N
> Mi(u) = u, > MM (u) = F(u). (10.1.13)
k=1 k=1

A sufficient condition for convergence is represented by the monotonicity
condition MND
min A < F'(u) < max k- (10.1.14)

Kinetic Approximations
We describe some different approximations of kinetic schemes.

e Two velocities model. Take N = 2 and A\; = —A\2 = —A. We approxi-
mate the scalar conservation law

pt+ f(p)e =0
by a relaxation system which is diagonalized in the form
Oufi = Ao fi = L(Mi(u) — f{)
{ath + A0 f5 = 2(Ma(u®) — f5).

The associated Maxwellian functions are

Ml(u)zé(u_@) Mﬁ@:%(%@).

In order to respect the monotonicity condition MND, we deduce the fol-
lowing relation for the velocity vector A:

max | f'(u)] < A (10.1.15)
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e Three velocities model. Take N = 3 and A3 = =\ = X > 0, Ay = 0.
The approximated kinetic system has the Maxwellian functions given by

1 (o, if u < 3,
Ml(u)_X{u(u—l)—i—i, 1fu>§,
(1—l)u+lu2 ifugd
)\ )\ ) \2’
MQ'LL:
" {uﬁ)u—w—%, itus 4,
1 fu(l —w), if u < 4,
M3(u)—x{%’ ifu}%

At the boundary we impose f3(0,t) = M;3(up(t)) and the monotonicity
condition holds if and only if the condition (10.1.15) is satisfied. In this
case (10.1.15) reads

/" (w)]

Numerical Scheme

Following [6, 7], we discretize the problem (10.1.10)-(10.1.11)-(10.1.12) and
making ¢ tend to zero, we obtain a numerical scheme for the initial boundary
value problem for the conservation law (10.1.7). As usual, we discretize data
of the problem by a piecewise constant approximation and we take for all k:

Sl = Miup), 0<n<M-—1,
fgL,k:Mk(ugn)7 m € N.
The operators used to solve system (10.1.10) are splitted into the transport
part and the collision part.

For the transport contribute, the scheme written in the Harten formulation
including both first and second order in space approximation reads:

n+i .
f —j—kQ — fn (]_ — Dzlf%,k) + D;,"i%’k;fln—l,k’ 1f )\k > O,

m 2 9 1:;_’_1 ok . (10116)
Fo® = P e (L= DYy )+ DYy fil e 1A <O

Note that it is necessary to assign the boundary value fi', = f"; ; only for
positive velocities. A first order in space upwind approximation is chosen:

n n At
Di—%,k = Di—!—%,k =&k = |)‘k|E
and in that case (10.1.16) is well defined even for m = 0.

The transport part can be approximated by a second order scheme as
follows. Starting from f} ; we build a piecewise linear function:
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1T7LLk( ) =fort (@ —Tm)og kT E (@1, T 1),

where o, ;. are limited slopes and we solve exactly the transport equations on
[tn,th] Projecting the solution on the set of piecewise constant functions
on the cells, we obtain the explicit expression for D"

m+dk°
1-— o, —op,
Dry g =& | 1+sen (/\k)Aa:( §k) (i1 ) . (10.1.17)
m+ 2 AfnJr .
3
with the convention that if Af? , =0, then D 11 =& = || 4L. Note
5

that if Ay > 0, then (10.1.17) is defined for m > 17 in the other cases is
available for m > 0. The slopes Jﬁhk for m > 1 are:

n . d Af:m+%,k Af;;-%,k
O, = MINMO Az R Az ,

with Afr’rl”r%’k = fi 1, — I i, and minmod(a, b) = min(|al, \b|)w.

For the convergence results see [6]. The time step restriction for both cases is

max |\, |At < Az. (10.1.18)
1<kEN

Then we use the solution obtained from the precedent scheme as the initial
condition for collision system. Under the compatibility conditions (10.1.13)
we find the exact solution of the system, that for ¢ — 0 is

frhl = My (um, ) = Mp(u™™), m>=0 n>1 (10.1.19)

m

and the identity holds
urtt = Z ”*2 — Wt (10.1.20)
Assuming the monotonicity condition, we deduce the usual CFL condition
max |f/(u)|At < Ax

and, from the transport part of the scheme, we have to impose the time step
restriction in (10.1.18).

10.1.3 Boundary Conditions and Conditions at Junctions

Let us start with the Godunov scheme.
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Boundary conditions. Suppose to assign a condition at the incoming
boundary z = 0:
u(0,t) =p1(t), t>0

and study equation only for x > 0. We are considering the initial-boundary
value problem (10.1.7)-(10.1.8)-(10.1.9). It is not easy to find a function u
that satisfies (10.1.9) in a classical sense, because, in general, the boundary
data cannot be assumed. One seeks a condition which is to be effective
only in the inflow part of the boundary. Following [15], the rigorous way
to assign the boundary condition is:

s {sgn (w(0, 1) — p1 () [F(u(0,1)) — F(k)}} —0. (10.1.21)

We proceed by inserting a ghost cell and defining

Uo+1 = V9 — Az (QG(UO ,U1) — QG(Ul ) Uo))a (10.1.22)

where
N 1 tnt1
w0 = [ mo
tn

takes the place of v™;. An outgoing boundary can be treated analogously.
Let + < L = . Then the discretization reads:

n+1 At G(

ot = o — A—x(g R 1, v8)), (10.1.23)

U]T\L/vug)_g

where
N 1 tnt1
w0 =5 [ ety
tn

takes the place of v}, |, that is a ghost cell value.
Conditions at a junction. For roads connected to a junction at the right
endpoint we set

« G(

Uy =UN— E(% -9 ’U]T\L/—lav%))a

while for roads connected to a junction at the right endpoint we have

At R
USLH =y — E(QG(US,U?) - 73’)7

where 4;,4; are the maximized fluxes.

Remark 10.1.1. For the Godunov’s scheme there is no need to invert the flux
f to put it in the scheme, as the Godunov’s flux coincides with the Riemann’s
flux. In this case it suffices to insert the computed maximized fluxes directly
in the scheme.
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Let us analyse now the case of Kinetic schemes.

Boundary conditions. For m = 0 we take for the boundary

Oﬂll,k - 0
In this case, the slope of, can be defined as
1. for A\ > 0:
oy ;. = minmod Ttk — Jo 2f61’k — Mi(up)
Ok Azr Ax ’
where u;' is the boundary condition;
2. for A\ < 0:
oo ATk = fo
0,k Az :

When m = N, the scheme for Ay < 0 requires the values f{ 1 rs [N 0k
that can be obtained, for instance, by imposing a Neumann condition.
Conditions at a junction. As usual, to impose the boundary condition
at a junction we need to examine the links between the roads. At the right
boundary (m = N) of roads linked to the junction on the right endpoint
one has:
1
N = P = Dy )+ Dy o Fhigrgs for A <0,
with
FRsae = Mi(F ()
Moreover we use the Neumann condition f§_ o, = f 1 for roads which
are not linked to the junction on the right. At the left boundary (m = 0)
of roads linked to the junction on the left endpoint the scheme in case
Ak > 0 reads:
"+% _rn o n n n
ok = Jor(L=D2y )+ D2y 20 g
with
= Me(f7(3))-

Notice that 4;, 4; are the maximized incoming and outgoing fluxes, where
the inversion of the flux function f follows the rules
1. for roads entering the junction:

a) if uly € [0,0] and 4; < F(ul;) then F~1(%;) € [t(u%), 1),

b) if u% € [0,0] and 4; = F(u%) then F~1(%;) = u%,,

c) if u? € [o,1] then F~1(%;) € [0, 1],

with i =1, 2.
2. for roads coming out of the junction:

a) if uy € [0,1] and 4; < F(u}) then F~1(%;) € [0, 7(u})),

b) if uf € [0,1] and 4; = F(u}) then F~1(%;) = uf,

c) if uf € [0,0] then f~1(%;) € [0, 0],

with j =1,2.
Recall that u), indicates a macroscopic variable and it represents a density.
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10.2 Examples

This section deals with some examples of special situations.

10.2.1 Bottleneck

The simplest application is given by a bottleneck, which can be represented as
a junction with one incoming road, one outgoing road and with the entering
road having a maximum flux larger than the exiting ones. Therefore, we set

the flux in the first part of the street to be equal to

filp) =p(1=p), pel0,1], (10.2.24)

while, in the narrowest part of the street, the flux considered is

f2(p)=0p (1 - gp) . pel0,2/3]. (10.2.25)

The maximum for the fluxes is unique:

fi
f2

1

win

Fig. 10.1. The flux functions fi(p) and f2(p).

1 . 1
fi(or) = I[I(}:‘:li)](fl(p) =7 with oy = 2 (10.2.26)
f2(o2) = max fa(p) ! ith L (10.2.27)
09) = max =—, with oy ==. 2.
2(02) = max 2 P =5 273

A key role is played by the separation point between the two parts of the
road, say S. Indicate by ps the density on the left respect of S (that belongs
to the widest part of the street) and by py4 the density on the right of S.
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fi

ps S

f

pd

Fig. 10.2. Interface at the bottleneck.

The maximal fluxes f; and fy are computed following the rules, respec-
tively
lma:r(p):{fl(ps) %fpsgalv
filor) if ps =01,
2mar(u) _ {fQ(UQ) lf Pd < 09,
fa(pa) i pg = o2

and the flux at the intersection point between the two intervals is obtained
taking the minimum

v = min{ £ (p,), £5" (pa)}. (10.2.28)

As the maximum density allowed in the second part is given by oo = %, the
creation of queues occurs when the density on the first road verifies

1—,/1
7\/; ~0.21. (10.2.29)

1 _
pl-p)=g=p=—

6
Then, when p1, < p (recall that py;p is the car density entering the largest
road) there is no formation of shocks propagating backwards.

10.2.2 Traffic Circle

As in Chapter 8, consider a simple network representing a traffic circle com-
posed by four roads, named I, I, I3, I4, the first two incoming in the circle
and the other two outgoing. In addition there are four roads I1 g, Iog, Isgr, I4r
that form the circle as in Figure 10.3.

10.3 Tests

In this section we present some numerical tests performed with the schemes
previously introduced: the Godunov’s scheme (G), the three-velocities kinetic
scheme of first order (3V K1) and the three-velocities kinetic method (3V K3)
with A3 = —A; = 1.0 and A2 = 0. In general the three-velocities models work
better than the two-velocities ones. We introduce the formal numerical order
~ of a numerical method as an average in the following way:



226 10 Numerics on Networks

Fig. 10.3. Traffic circle.

R
1

B 10.3.30

v R;7 ( )
where )

eT
c=log, (L), r=1,...,R, 10.3.31
v 085 (er(2)> T R (10.3.31)

with r the index of roads composing the network. The L!'-error on each road
is

r h h h
HOREEDY W“;)—wé’f@)‘,p=1,27r:1,...,R,

3=0,....pN

(10.3.32)
where w (h) denotes the numerical solution obtained with the space step
discretization equal to h, calculated in z,, at the final time t); = T. Note
that if e"(p) = 0, then we set . = 0 and R = R — 1. The total L!-error is

R
TOTer =Y €(1) . (10.3.33)

r=1

The quantity R indicates the number of roads in the network and w?(h)
denotes the numerical solution obtained with the space step discretization
equal to h, computed in x,, at the final time t;; = T.

10.3.1 Bottleneck

We assume to deal with a road of length 2 parameterized by the interval [0, 2]
and that the separation point is placed in the middle of the road, namely at
rz=1.

The next tables provide a comparison between the three methods in terms
of L'-error and order of convergence ~.
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Test B1. We take the following initial and boundary data
p1(0,z) = 0.66, p2(0,z) = 0.66, (10.3.34)

p1.p(t,0) =0.25 .

Since the initial value 0.66 is very close to the maximum value that can be
absorbed by road 2, after a short time, namely 7' = 2, the formation of a
traffic jam can be observed, see Figure 10.4.

1 1
T=0.1 T=0.5
0.7 0.7
0.6 0.6
0.3
0.2 0.2
1 1
1 1
T=1 T=4
0.7 0.7
0.6 0.6
0.3
0.2
1 1

Fig. 10.4. Evolution in time for data (10.3.34) computed by 3V K2 scheme, h =
0.0125.

Test B2. Let us assume the road is initially empty and take the following
initial and boundary data

p1(0,z) = p2(0,2) =0, (10.3.35)
p1p(t,0) =04 . (10.3.36)
Since p1p > p =~ 0.21, also in this case there is a jam formation, , see Figure

10.5.
We report tables of orders and errors for both tests.
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T=0.1 T=2
0.4 04—
0.1 0.1

1 1

T =14 T =10
0.4 0.4
0.1 0.1

1 1

Fig. 10.5. Evolution in time for data (10.3.35) computed by 3V K2 scheme, h =
0.0125.

G
L' Error

3.347e-002
1.170e-002
6.285e-003
4.194e-003
1.792e-003
1.136e-003

3V K,

L' Error
2.886e-002
1.301e-002
7.284e-003
4.038e-003
1.802e-003
1.008e-003

3VK,

L' Error
2.931e-002
1.280e-002
6.761e-003
4.005e-003
1.635e-003
9.830e-004

h
0.1
0.05
0.025
0.0125
0.00625
0.003125

v
1.51554

0.89752
0.58367
1.22648
0.65763
1.50268

v
1.14981

0.83645
0.85088
1.16427
0.83753
1.12176

v
1.19519

0.92098
0.75549
1.29260
0.73386
1.50429

TABLE B1-1: Orders and errors of the approximation schemes Godunov (G),
Kinetic of first order (3V K1) and of second order (3V K>) for data (10.3.34), T' = 0.5.

G
L Error

3VK;
L! Error

3VK,
L! Error

h

0.1

2.07651e-002

2.19038e-002

2.41712e-002

0.05

1.25376e-002

1.45365e-002

1.35243e-002

0.025

8.38778e-003

8.07708e-003

8.00970e-003

0.0125

3.58458e-003

3.60392e-003

3.26967e-003

0.00625

2.27234e-003

2.01675e-003

1.96603e-003

0.003125|8.01899e-004

9.26764e-004

8.49835e-004
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TABLE B1-2: Errors of the approximation schemes Godunov (G), Kinetic of first
order (3V K1) and of second order (3V K>) for data (10.3.34), T' = 1.0.

G VK, 3VK,

h ¥ L' Error ¥ L' Error ¥ L' Error
0.1 ]0.65705[1.841e-002(0.65705|1.841e-002|0.62999|1.693e-002
0.05 |0.67659|1.167e-002|0.67659|1.168e-002|1.56047|1.094e-002
0.025 |0.70677|7.305e-003|0.70676|7.306e-003|0.50455|3.709e-003

0.0125 |0.73821(4.476e-003|0.73821|4.476e-003|1.72696|2.614e-003
0.00625 [0.76816|2.683e-003|0.76816|2.683e-003|0.81448|7.898e-004
0.003125(0.79447(1.575e-003(0.79447|1.575e-003|0.70529|4.491e-004

TABLE B2-1: Orders and errors of the approximation schemes Godunov (G),
Kinetic of first order (3V K1) and of second order (3V K3) for data (10.3.35), T' = 1.

G

VK,

VK,

h

L' Error

L' Error

L' Error

0.1

2.16316e-002

2.18455e-002

1.69308e-002

0.05

7.10040e-003

1.09717e-002

1.09403e-002

0.025

4.70270e-003

5.44031e-003

3.70921e-003

0.0125

2.48223e-003

2.61377e-003

2.61455e-003

0.00625

1.09907e-003

8.57023e-004

7.89821e-004

0.003125

5.80967e-004

3.61744e-004

2.75442e-004

TABLE B2-2: Errors of the approximation schemes Godunov (G), Kinetic of first
order (3V K1) and of second order (3V K>) for data (10.3.35), T' = 4.

From the analysis of the previous Tables we can see that both 3V K; and
3V K4 perform better than the Godunov scheme. In fact, the kinetic schemes
show a good stability even after the interaction at the junction.

10.3.2 Traffic Circle

The numerical solutions have been generated by the (3V K3) method for h =
0.025 and CFL = 0.5.
Fix the following initial and boundary data

p1(073") = 0257 pQ(Oa 33) = O4a p3(03 33) = 04(07$) = O5a
pr(0,z) = 0.5, par(0,z) = 0.5, psr(0,z) = par(0,z) = 0.5,
p15(£,0) = 0.25,  pay(t,0) = 0.4. (10.3.37)

The distribution coefficients, namely (aig3, 1R 2R, @3R 4, A3R,4R), ALE as-
sumed to be constant and are all equal to o = 0.5.

First, set the right of way parameters ¢1 = ¢(1,4R,1R) = 0.25, g2 =
q(2,2R,3R) = 0.25. The fixed values imply that road I4r is the through
street respect to road I7 and road g is the through street respect to I;. The
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Fig. 10.6. Traffic circle with g1 = g2 = 0.25.

evolution in time of traffic is reported in Figure 10.6 (for the legend see the
end of the Section). Observe that at time ¢ = 5 shocks are generated on the
entering roads I; and I, while rarefaction waves in the direction of traffic are
created on roads Iyg, Iog, I3, I4. Roads I1g and I3z maintain the same level
of density. At ¢ = 10 rarefaction waves traveling in the sense of traffic produce
a decrease in the car density on roads I4g, I3g, I3, I4. On entering roads I
and I, the effect of shocks traveling backwards is a considerable increase of
the density and again, roads 1z and Isr maintain the same configuration,
which corresponds to the maximum flux. At time 7" = 40 the roads entering
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in the circle have an high value of density as they wait at the junctions,
while densities of roads in the circle are lowered due to the fact that traffic is
flowing towards the outgoing roads I3 and I4. We can observe that starting
from the same configuration (10.3.37) but setting differently the right of way
parameters, traffic within the circle is fluid and is distributed between the
outgoing roads.

Fig. 10.7. Traffic circle with ¢1 = g2 = 0.5.

Figure 10.7, obtained for data (10.3.37) and g1 = g2 = 0.5, shows a situa-
tion quite similar to that in Figure 10.6. The difference is represented by the
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values of density on the roads Iz and Iy that reveal a shock formation with
zero speed. As a consequence, the percurrence time of the circle from road Iy
to road I is higher than in the case depicted in Figure 10.6. In particular, let
¢ be the portion of road Isr at the lowest value of density, i.e. 0.15, and 1 — 9§
the other portion of the same road, we can estimate the the percurrence time
from road I7 to road I4. In the first case is

1 1 1
05 + 085 + 05"~ 5.17

while here (with § = 0.5) we get

1 5 1-6 1
05 Toss T oas Tos T2

and the difference between the previous and the current case is

1-6 1-96 80
At = 0.15 0.85 _(1_5)ﬁ'

If the right of way parameters are
¢1 =q(1,4R,1R) =0.75, q2 =¢q(2,2R,3R) =0.75,

then road I; is the through street respect to road I,z and road Iy is the
through street respect to Isg. As before, the distribution coefficients are as-
sumed to be constant and all equal to « = 0.5. The evolution in time of traffic
densities is described in Figure 10.8. One can observe that at time ¢ = 1.5 the
chosen right of way parameters provoke shocks propagating backwards along
roads Iog and Iy and consequently a shock is created on road I. Successively,
the density on roads I4r, Isr increases and shocks are propagating backwards
on roads I1 g and I3g. Roads I3 and I, show a very low density of cars. At
T = 40 densities on the incoming roads and within the circle (all equal to
the maximum value pmax = 1), represent a situation of traffic jam, the so
called bumper-to-bumper traffic. This means that no cars can exit the circle,
as showed by the fact that roads Is and I, are empty. Hence, in that case,
the choice of the right of way parameter determines a situation of completely
blocked traffic.

Figures 10.6, 10.7 and 10.8, show the evolution in time of the density for
the different choices of the right of way parameter with the following legend:

In the same framework, we can also analyze portions of urban network.
For some simulations, see [24].
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Fig. 10.8. Traffic circle with g1 = ¢2 = 0.75.
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t=20
t=5
t=10
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n X n system, 10

acceleration equation, 55
admissibility conditions, 15
anticipation term, 55

approximate jump discontinuity, 12
approximate solution, 33, 35, 41
Aw-Rascle model, 57, 66, 69, 133

bad datum, 77

big shock, 77

Borel set, 30

bottleneck, 224, 226
boundary condition, 222
bounded variation, 26
BS-wave, 108

Burgers equation, 14, 43

Cauchy problem, 10, 11, 14, 16, 18, 32,
35, 37, 38, 41, 69, 72, 106, 155, 216

centered rarefaction waves, 19
CFL condition, 218

characteristic field, 19, 20, 22, 33, 44,

49, 58, 63
characteristics, 14

circle, 7, 187, 191, 193, 197, 198, 225,

229
classical solution, 10, 14
collision part, 220
congested flow, 61
congested phase, 62
conservation law, 9, 17, 44, 72
conservative form, 57
conserved quantity, 9

contact discontinuity, 20, 33, 36
continuous dependence, 38
continuum equation, 55

curve of maxima, 134, 147

demand-supply, 106
density, 21

destination, 162
differential structure, 39
directional derivative, 19
distribution matrix, 99
distributional matrix, 170
divergence theorem, 12, 36

edge, 71

eigenfunction, 22

eigenvalue, 10, 19, 22, 58
eigenvector, 19

entropic solution, 90

entropy, 16, 37, 44

entropy admissible, 44

entropy admissible solution, 16, 20
entropy flux, 16, 37
entropy—entropy flux pair, 16
entropy-admissible solution, 35, 51
equilibrium, 86, 170, 174, 183
Eulerian coordinates, 21

flux, 9, 22, 32, 58

flux variation, 92, 106, 203
free flow, 61

fundamental diagram, 2, 48

generalized momentum, 134



242 Index

generalized tangent vector, 39, 40

generic equilibrium, 170

genuinely nonlinear, 19, 20, 22, 44, 49,
58, 63, 75

GG-wave, 108

Glimm functional, 38, 156

Godunov scheme, 217, 221, 225

good datum, 77

graph, 71

grid, 217

Heaviside initial data, 17
Helly theorem, 27
hyperbolic, 10, 57, 67

implicit function theorem, 10, 21
incoming edge, 76

incoming road, 95
initial-boundary problem, 53
internet, 201

isentropic gas, 21

Jacobian matrix, 9, 19, 21, 22, 58, 67
junction, 95

kinetic coefficient, 60

kinetic method, 218

kinetic scheme, 225

Kruzkov entropy, 44

Kruzkov entropy admissibility condi-
tion, 17

Lighthill-Whitham-Richards model, 47,
69, 95

linear momentum density, 21

linearly degenerate, 19, 20, 33, 44, 58,
63

Lipschitz continuous dependence, 38,
41, 215

method of characteristics, 11
monotonicity condition, 219
multilane model, 64
multipopulation model, 66

network, 71, 72, 74, 95, 165, 217
node, 201, 203

non-physical wave, 34, 38
numerical algorithm, 217
numerical approximation, 217

numerical scheme, 220
numerics, 217

outgoing edge, 77
outgoing road, 95

p-system, 21

packet, 201

packets loss, 203
Payne-Whitham model, 55, 56
piecewise constant, 34, 39, 74
pressure, 21

quasi linear form, 9

Radon measure, 30

Rankine-Hugoniot condition, 13, 14, 43,
51, 175

rarefaction curves, 58

rarefaction fan, 41

rarefaction shock, 41

rarefaction wave, 36, 51

regular path, 40

relaxation term, 55

rich system, 80

Riemann problem, 7, 17, 19, 20, 34, 49,
62, 72, 99, 147, 166, 203, 217

Riemann solver, 7, 8, 72, 78, 81, 95,
133, 206

Riemannian distance, 40

Riemannian type distance, 39

right of way parameter, 104, 162

road network, 95, 133, 155

router, 202, 203

scalar case, 16, 74

scalar equation, 10

SD-road network, 161, 173, 183
second order scheme, 220

self similar function, 63
semilinear equation, 165

shift, 42, 111

shock, 13

shock curves, 58

shock travelling wave, 12

shock wave, 20, 36, 51

source, 162

source destination model, 161
strength, 42

strength of the wave, 21
strictly hyperbolic, 10, 17, 22, 49, 57, 68



tangent vector, 41

TCP/IP, 201

telecommunication network, 8, 201

three velocities model, 220

total variation, 26, 32, 35, 37, 74, 117,
118, 146

traffic distribution function, 162

traffic light, 2, 7, 51, 115, 187, 188, 198

traffic-distribution matrix, 96

traffic-type function, 163

transmission line, 201, 203

transport part, 220

two velocities model, 219

uniqueness, 15, 38, 215
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upwind approximation, 220

velocity variance, 61
vertex, 71
viscosity, 53

wave front, 34

wave-front tracking, 18, 32, 35, 37, 41,
77,78, 81, 92

wave-front tracking algorithm, 32, 72,
74, 173

waves of the i-th family, 21

weak solution, 11, 12, 15, 16, 37, 44

weak solutions, 10

wide jams, 61



